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DEFORMATIONS OF GALOIS REPRESENTATIONS AND EXCEPTIONAL 

MONODROMY 

STEFAN PATRIKIS 


Abstract. For any simple algebraic group G of exceptional type, we construct geometric Aadic 
Galois representations with algebraic monodromy group equal to G, in particular producing the 
first such examples in types F 4 and Eg. To do this, we extend to general reductive groups Ravi 
Ramakrishna’s techniques for lifting odd two-dimensional Galois representations to geometric A 
adic representations. 


1. Introduction 

Prior to the proof of Serre’s conjecture on the modularity of odd representations 

p: Gal(Q/Q) ^ GL 2 (F,), 

one of the principal pieces of evidence for the conjecture was a striking theorem of Ravi Ramakr- 
ishna ( flRam021 ') showing that under mild hypotheses such a p could be lifted to a geometric (in the 
sense of Fontaine-Mazur) characteristic zero representation. A generalization of Ramakrishna’s 
techniques to certain n-dimensional representations then played a key part in the original proof of 
the Sato-Tate conjecture for rational elliptic curves ( HHSBTIOI ). Meanwhile, dramatic advances 
in potential automorphy theorems, culminating in IBLGGT14I , have drawn attention away from 
Ramakrishna’s method, since for suitably odd, regular, and self-dual representations 

p: Gal(Q/Q) ^ GL^(F,), 

the potential automorphy technology, combined with an argument of Khare-Wintenberger (see eg 
[|Kis07bl §4.2]) now yields remarkably robust results on the existence of characteristic zero lifts of 
prescribed inertial type (eg, [IBLGGT141 Theorem E]). Put another way, there are connected reduc¬ 
tive groups G/Q of classical type in the Dynkin classification, for which one can apply potential 
automorphy theorems to find geometric characteristic zero lifts of certain 

p: Gal(Q/Q) ^ 


Date: June 2015. 

This paper has a long history, and it gives me great pleasure to extend thanks both old and new. In 2006 with 
Richard Taylor’s guidance I proved a version of Ramakrishna’s lifting theorem for symplectic groups, as my Harvard 
undergraduate thesis. Without Richard’s encouragement and singular generosity, I would likely not have continued 
studying mathematics, much less been equipped to write the present paper; I am enormously grateful to him. At the 
time Frank Calegari and Brian Conrad both read and helpfully commented on the thesis, and I thank them as well. 
Moving toward the present day, I am grateful to Dick Gross, from whom I learned an appreciation of the principal 
SF 2 , which turned out to be crucial for this paper; and to Shekhar KJiare, for his comments both on this paper and 
on other aspects of Ramakrishna’s work. Finally, I am greatly indebted to Rajender Adibhatla, whose proposal of the 
joint project IIAP15I spurred me to revisit Ramakrishna’s methods. 

1 















where denotes as usual an L-group of G. But these potential automorphy teehniques are eur- 
rently quite limited outside of classieal types, for neither the existence of automorphic Galois rep¬ 
resentations, nor any hoped-for potential automorphy theorems, have been demonstrated in more 
general settings. The first aim of this paper is to prove a generalization, modulo some local anal¬ 
ysis, of Ramakrishna’s lifting result for essentially arbitrary reductive groups. Such results have 
some intrinsic interest, and among other things, they provide evidence for generalized Serre-type 
conjectures. 

At first pass, we do this under very generous assumptions on the image of p, analogous to 
assuming the image of a two-dimensional representation contains SL 2 (F^). Here is a special case: 
see Theorem 16.41 and Theorem 1 10.3 1 for more general versions. 

Theorem 1.1. Let O be the ring of integers of a finite extension ofQg, and let k denote the residue 
field of O. Let G be an adjoint Chevalley group, and let p: Gal(Q/Q) ^ G(k) be a continuous 
representation unramified outside a finite set of primes 2 containing € and oo. Impose the following 
conditions on p and i: 

(1) Let G*^^ ^ G denote the simply-connected cover of G. Assume there is a subfield k' <z k 
such that the image p(Gal(Q/Q)) contains im(G'^‘^(k') ^ G{k')). 

(2) £ > \ -V max( 8 , 2h-2) ■ #Zgsc, where h denotes the Coxeter number ofG. 

(3) pis odd, i.e. for a choice of complex conjugation c, Ad(p(c)) is a split Cartan involution of 
G (see ED. 

(4) For all places v 6 2 not dividing i ■ oo, pf^^ satisfies a liftable local deformation condition 

Pv with tangent space of dimension dim*: (eg, the conditions of M.3\ or ^4.41) . 

(5) pIfq^ is ordinary, satisfying the conditions (REG) and (REG*), in the sense of M.l\ 

Then there exists a finite set of primes Q disjoint from 2, and a lift 

G(0) 

p '' 

y 

y 

y 

Gal(Q/Q) ^ G(k) 

such that p is type Py at all v eH (taking Py to be an appropriate ordinary condition at v\f), of 
Ramakrishna type (see ^4.21) at all v e Q, and unramified outside 2 U Q. Moreover, we can arrange 
that pIfq^ is de Rham, and hence that p is geometric in the sense of Fontaine-Mazur. 

The statement of this theorem takes for granted the study of certain local deformation conditions; 
in m we study a few of the possibilities, but we have largely ignored this problem as unnecessary 
for our eventual application. We should note, however, especially for a reader familiar with Kisin’s 
improvement of the Taylor-Wiles method, that Ramakrishna’s method, in contrast, seems to require 
the local deformation rings to be formally smooth. Regarding the global hypothesis in Theorem 
II.1[ note that for two-dimensional p, a case-by-case treatment of the possible images pCTq) can 
be undertaken to establish the general case. Such an approach would be prohibitive in general, 
so after establishing Theorem 11.11 we focus on p suited to this paper’s principal application, the 
construction of geometric Galois representations 

p: Gal(Q/Q) ^ ^G(Qfi 

with Zariski-dense image in ^G, where G is one of the exceptional groups G 2 , F 4 , Ee, Ey, or Eg. 
Eet us recall some of the history of this problem. 
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In his article [|Ser94aL Serre raised the question of whether there are motives (over number fields, 
say), whose motivie Galois groups are equal to the exceptional group G 2 , of eourse implicitly 
raising the question for other exceptional types as well. If ‘motive’ is taken to mean either 

• pure homologieal motive in the sense of Grothendieek, but assuming the Standard Conjee- 
tures ( IlKlebSII ): or 

• motivated motive in the sense of Andre ( BAndQbH ), 

then Dettweiler and Reiter ( iDRlOl ) answered Serre’s question affirmatively for the group G 2 , us¬ 
ing Katz’s theory of rigid loeal systems on punetured P' ( [|Kat96ll )-in partieular Katz’s remarkable 
result that all irreducible rigid loeal systems are suitably motivie. Then, in an astounding devel¬ 
opment, Yun ( IIYunl4ll f answered a somewhat weaker form of Serre’s question for the exeeptional 
types G 2 , Ey, and Eg. Namely, he showed that there are motives in the above sense whose asso¬ 
ciated Aadic Galois representations have algebraie monodromy group (i.e. the Zariski-elosure of 
the image) equal to these exceptional groups. Yun’s work is also deeply conneeted to the subject 
of rigid local systems, but the relevant loeal systems are eonstructed not via Katz’s work, but as the 
eigen-loeal systems of suitable ‘rigid’ Heeke eigensheaves on a moduli spaee of G-bundles with 
carefully-ehosen level structure on - { 0 , 1 , 00 }. 

In particular, Yun produces the first examples of geometric Galois representations with exeep¬ 
tional monodromy groups Ey and Eg. The main theorem of the present paper is the eonstruetion of 
geometrie Galois representations with monodromy group equal to any of the exeeptional types: 

Theorem 1.2 (see Theorem I8.4[ Theorem 110.61) . There is a density one set of rational primes i 
such that for each exceptional Lie type O, and for a suitably-chosen rational form G/Q o/O, there 
are €-adic representations 

pe-. Gal(Q/Q) ^ '-G(Q,) 

with Zariski-dense image. For G of types G 2 , E 4 , Ey, or Eg, i.e. the exceptional groups whose Weyl 
groups contain -1, we can replace simply by the dual group G^. For G of type Eg, the algebraic 
monodromy group of for an appropriate quadratic imaginary extension K/Q. 

We achieve this via a quite novel method, and indeed the examples we eonstruct are disjoint 
from those of Dettweiler-Reiter and Yun. The ease of Eg should stand out here, as it has proven 
espeeially elusive: for example, in the paper IIHNY13H . whieh served as mueh of the inspiration for 
Yun’s work, eertain ^G-valued Gadie representations of the absolute Galois group of the funetion 
field F^(P') were eonstrueted for G of any simple type; their monodromy groups were all eomputed, 
and, erueially, the monodromy group turns out to be ‘only’ E 4 in the ease G = EgQ I believe the 
present paper contains the first sighting of the group Eg as any sort of arithmetic monodromy group. 

In the rest of this introduetion, we will sketeh the strategy of Theorem II.2[ Eet Tq = Gal(Q/Q) 
(in what follows, Q ean be replaeed by any totally real field F for whieh [E(G) '. F] = € - \). The 
essential eontent of the argument is already present in the following somewhat simpler ease, where 
as in Theorem 1 1.1 1 we restriet to the consideration of 

p: rQ^G(k), 

for G a simple Chevalley group of adjoint type0 The hope would be to start with an appropriate 
p, and to use Ramakrishna’s method to deform it to eharaeteristie zero. But it is already diffieult 

*The same thing happens in IIFG09I . which served as inspiration for 0HNY13I . 

So what follows will literally apply except in type Eg; type Eg turns out to require a minor, merely technical, 
modification, carried out in ^9lfT0l 
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to produce such p, and finding one with image containing so that the initial version of 

our lifting theorem might apply, would pose a problem already as difficulil as the inverse Galois 
problem for the group G(Ff). 

But any (adjoint, for simplicity) G admits a principal homomorphism (p: PGL 2 ^ G (see 
[|Gro97| , [|Ser96ll ): for instance, for the classical groups, these are the usual symmetric power rep¬ 
resentations of PGL 2 . We have at our disposal a very well-understood collection of 2-dimensional 
representations r: Tq ^ Gh 2 (k), those associated to holomorphic modular forms, and for our p 
we consider composites 

p 


Pq ^ PGL2 (fc) ^ G(k). 

We therefore undertake to prove a version of Ramakrishna’s lifting theorem that applies when p 
factors through a principal PGL 2 . This is carried out in ^ buttressed by an axiomatic version of 
Ramakrishna’s argument (^. Choosing r so that p = cp of satisfies the hypotheses of the lifting 
Theorem 17.41 and so that the resulting lift p: Tq ^ G{0) can be guaranteed to have maximal 
algebraic monodromy group, is rather delicate, however: in particular, we don’t want to lift f to 
v.Yp^ GL 2 (G) and then take p = (p o r\ The rough idea for ensuring that the monodromy group 

Gp = p(rQ) is equal to G is the following: 

• Ensure Gp is reductive and contains a regular unipotent element of G. There is a straight¬ 
forward (to use, not to prove) classification of such subgroups of G ( [ISS971 Theorem A]). 
Namely, when G is of type G 2 , F4, Ey, or Eg, such a Gp is either a principal PGE 2 or all of 
G; and when G is of type Eg, Gp might also be E4. 

• Arrange that the Hodge-Tate weights of p are ‘sufficiently generic’ that Gp must be G itself. 
This is where our examples veer away from those of HDRIOI and HYunldll . 

If P(rQ) contains PSE 2 (Ff), it is essentially formal that Gp is reductive: see Eemma 17771 It is not 
necessarily true, however, that Gp contains a principal PGE 2 : indeed, a beautiful result of Serre 
(deforming the finite groups PSE 2 (Ff) themselves to characteristic zero: see Example 18.11) shows 
it is sometimes possible for Gp to be finite! 

We now explain the subtleties in choosing a modular form /, with associated compatible system 

ff,A- Tq ^ GL2{Ox), 

so that the reductions Py 4 , at least for A lying over a density one set of rational primes €, can be used 
as our P. If we were content with establishing Theorem 1 1.21 for only a single i, it seems likely that 
a significant computer calculation of a well-chosen residual Galois representation for a particular 
modular form might suffice; but any result for infinitely many i (or in our case, a density one set) 
seems to require hurdling further theoretical difficulties. 

(1) Needing p to have ‘sufficiently generic’ Hodge-Tate weights forces us to work with ordi¬ 
nary deformations; in particular P /^4 must be ordinary. Except for / of weights 2 and 3, 
establishing ordinarity of / even for infinitely many ^ is a totally open problem, so we are 
forced into weights 2 or 3. Requiring ordinarity restricts the conclusion of Theorem 1 1.2l to 
a density one set of primes rather than almost all primes. 

In fact, substantially more so, because we would need not only a Galois extension with group G(Ff), but also to 
know that the associated representation p satisfied the various technical hypotheses of the lifting theorem, eg ordinarity 
at £. 
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(2) While it would be possible to work with / of weight two, the ordinary deformation rings in 
this ease are more often singular, and some extra work is needed to avoid this possibility; 
in the spirit of minimizing the amount of loeal work, we therefore take / to have weight 3. 

(3) Keeping in mind Serre’s cautionary example (Example 18.11) . we use a local analysis to 

ensure that Gp contains a regular unipotent element. The idea is to choose / with ToCp) 
level at some prime p, and to consider deformations of ‘Steinberg’ type oftpo As 

long as the resulting deformations to characteristic zero are as ramified as possible, they 
will provide us with regular unipotent elements in Gp. But it is quite difficult purely using 
deformation theory to guarantee that these characteristic zero lifts have regular unipotent 
ramification unless the residual representations are themselves ramified: the anal¬ 

ogous issue in studying ‘lifts of prescribed type’ using potential automorphy theorems is 
only treated by invoking settled cases of the Ramanujan conjecture0 Thus, we need r/,ilrQp 
to be ramified for almost all A. If / were associated to an elliptic curve over Q with multi¬ 
plicative reduction at p, then the theory of the Tate curve would imply this, but it seems to 
be quite a deep result in general: we establish it (Proposition 18.21 which Khare has pointed 
out was previously proven by Weston in [|Wes04ll f using essentially the full strength of 
level-lowering results for classical modular forms. 

Having juggled the demands of the lifting theorem as just described, we can then look in tables of 
modular forms to find plenty of / that do in fact serve our purpose, or even show by theoretical 
means that infinitely many can be found. For the final steps, see Theorem 18.41 

In this sketch we have omitted the case of Ee. When the Weyl group of G does not contain 
-I, G contains no order 2 element inducing a split Cartan involution, and so there are no ‘odd’ 
representations Eq ^ G{k). We instead deform odd representations valued in the E-group of a 
suitable outer form of G. We develop, only in the degree of generality needed for our application, 
the basics of deformation theory for E-groups in ® our task is made easy by the template provided 
in [ICHT081 §2], which treats the case of type A„. With these foundations in place, there are no new 
difficulties in extending the arguments of earlier sections; we explain the very minor modifications 
needed in ^TOl The proof of Theorem 1 1.21 is then completed in Theorem 1 10.61 We hope the reader 
does not object to this expository decision: it would have been possible to work throughout with 
(possibly non-connected) E-groups, but I think as written the argument will be easier to digest, and 
in the end it only costs us a few extra pages. 

2. Notation 

For a field F (always a number field or local field), we let E^^ denote Ga\(FIF) for some fixed 
choice of algebraic closure F of F. When E is a number field, for each place v of E we fix once and 
for all embeddings F F^, giving rise to inclusions E^^, T//. If Z is a (finite) set of places of 

E, we let Tdenote GaKE^/E), where E^ is the maximal extension of E in E unramified outside 
of Z. In §|9]and ^[TOl for an extension E/E we will also write T^ j., where Z is implicitly interpreted 

as the set of place of E above Z. If v is a place of E outside Z, we write fr,, for the corresponding 
geometric frobenius element in T/zj;. If E is a local field, with no reference to a global field, we 


^Note that in the case G = G 2 , the composition of the principal SL 2 with the quasi-minuscule representation 
G 2 GL 7 remains irreducible, so that potential automorphy techniques could be applied in this case. This approach 
does not work for the other exceptional groups. 
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write fr/7 for a choice of geometric frobenius element in Ff. For a representation p of F^, we let 
F{p) denote the fixed field of the kernel of p. 

Consider a group F, a ring R, an affine group scheme H over Spec A, and a homomorphism 
p: F ^ H{A). Then for any algebraic representation V of H, we let p(V) denote the A[F]-module 
with underlying A-module V induced by p. This will typically be applied to the adjoint represen¬ 
tation of H. 

Let D be a finite totally ramified extension of the ring W{k) of Witt vectors of an algebraic 
extension k of F^, and let E be the fraction field Frac O. We let Cq denote the category of artinian 
local D-algebras for which the structure map O ^ R induces an isomorphism on residue fields, 
and let Co denote the category of complete local noetherian C)-algebras with residue field k. Let m 
denote a uniformizer of O. 

All the (Galois) cohomology groups we consider will be k-vector spaces, and we will always 
abbreviate dim^;//'(•) by /?'(•). 

We write k for the C-adic cyclotomic character, and k for its mod i reduction. 

Until ® G will be a Chevalley group scheme over G; we mean this in the sense of [|Conl4ll . so G 
is not necessarily semi-simple. The reader will not lose anything essential by taking G to be adjoint 
and considering the classical construction of Chevalley groups as in nStebSH . We refer to IIConl4ll 
for a thorough and accessible treatment of the theory of reductive group schemes; this reference 
is vastly more general than we require, but it still seems to be the most convenient. Throughout 
the present paper, we will give as needed more specific pointers to results in IIConl4L but a reader 
with additional questions will surely find them answered there as well. 

3. Review of deformation theory 

In this section we establish our conventions and notation for the deformation theory of Galois 
representations. Although we could work much more generally, considering representations valued 
in an arbitrary connected reductive G-group scheme G (compare [|Til96[ §2]), for simplicity we 
restrict as in §12] and require that G be a connected reductive Chevalley group scheme. In ^ 
following the example of UCHTOSl §2.2], we will recast this background to allow representations 
valued in certain non-connected L-groups, but for the bulk of the paper, and most cases of the main 
Theorem 1 1.21 the present discussion suffices. We write g for the Lie algebra of G; we will abuse 
notation and continue to write g for the base-change to various coefficient rings, most notably the 
special fiber. 

Some preliminary hypotheses on the prime £ are also needed. In the central results of this paper 
(eg Theorem 17.41) . we will impose somewhat stricter requirements, but for now it suffices to take 
^ 2 to be a ‘very good prime’ for all simple factors of G: see UCarSSi §L14]|1 Here are the 

relevant consequences: 

• The isogeny theorem for root data ( [IConl4l Theorem 6.1.16]) yields two canonical central 
isogenies, x G‘^“ ^ G and G ^ G/G‘^“ x G/Z^, with Z^ the maximal central torus and 
the derived group of G. These are isomorphisms at the level of Lie algebras, and note 
that g‘*“ does not depend up to isomorphism on the isogeny class of G‘*“: if £ is very good, 
then it does not divide the determinant of the Cartan matrix. From now on, we write 

(1) ju: G ^ 5 = G/G‘*“ 


^In particular, taking ^ f n + 1 in type A„ and ^ > 7 in all other cases suffices. 
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for this map onto the maximal quotient torus of G and denote by G^. Likewise, the 
Lie algebra will be denoted 

• In partieular, g = 3 (g) © g^, where 3 (g) is the eenter of the Lie algebra of G (and the Lie 
algebra of Z^), and g^ is an irreducible representation; the latter statement is checked case- 
by-case on simple types. 

• There is a non-degenerate G-invariant form g^^ x g^ ^ k: use UCarSSi § 1.16] for types other 
than A„ and the Killing form in type A„ (whose discriminant is divisible only by primes 
dividing 2{n -l- 1)). We fix such a pairing and throughout make the resulting identification 
g* = g^ (this will come up when studying dual Selmer groups). Note that the Killing 
form of a simple Lie algebra (in very good characteristic, so we don’t have to specify 
the isogeny class) is non-degenerate as long as i does not divide 2 , the discriminant of 
the Cartan matrix, the dual Coxeter number, and the ratio of long and short roots ( [ISS701 
Proposition 1.4.8]). Since in our main theorems we will require € to be even larger, most 
readers will lose nothing by making this stronger assumption from the outset. 

3.1. The basics. Let L be a profinite group, and fix a continuous homomorphismp: L ^ G(k). 
For simplicity (allowing the restriction to noetherian coefficient algebras), we assume that F sat¬ 
isfies the Gfiniteness condition of [|Maz89ll : for all open subgroups Fq c F, there are only finitely 
many continuous homomorphisms Fq ^ Z/CZ. Noetherian hypotheses can be avoided, as in 
UCHTOSi §2.2], but we at least would gain nothing, and can save some work, by imposing them. 
We recall the basic definitions of Mazur’s deformation theory: 

Definition 3.1. • Denote by 

Liftp: Co Sets 

the functor whose i?-points is the set of lifts of p to a continuous homomorphism F ^ 
G{R). It is easy to see that Liftp is representable, and we denote its representing object, the 
universal lifting ring, by R^. 

• We say that two lifts pi,p 2 : F ^ G{R) of p are strictly equivalent if they are conjugate by 
an element of 

G{R) = ker(G(7?) ^ G{k)). 

The functor G is represented by a smooth group scheme over O. 

• Denote by 

Defp: Co Sets 

the functor assigning to R the set of strict equivalence classes of elements of Liftp(7?). A 
deformation of p is an element of Defp(7?). 

As usual, we will need to study certain representable sub-functors of Liftp. We can always 
initially define these sub-functors only on C^ and then, having proven (pro-)representability, extend 
them to Co by ‘continuity;’ but often one wants a ‘moduli-theoretic’ description on all of Co, in 
which case one might define a functor on Co and verify directly that it commutes with filtered 
limits. We will allow ourselves a minor abuse of terminology and allow a ‘sub-functor of Liftp’ to 
refer to either of these cases. Similarly, we will allow ourselves to write ‘representable’ when what 
is strictly speaking meant is ‘pro-representable.’ 

^In some of the discussion that follows, the reader could replace ji: G —> 5 by some other map to an G-torus, whose 
kernel may be bigger than the derived group. 
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Definition 3.2. A deformation condition is a representable sub-funetor Lift? of Liftp that is closed 
under strict equivalence. We denote the representing object by it is canonically the quotient 
of Rp by some -invariant ideal 7^ of 

Schlessinger’s criterion gives one way to cut down the amount of work needed to check that a 
sub-functor is a deformation condition: 

Lemma 3.3 (Schlessinger). Let Lift? be a sub-functor o/Liftp, assumed to be closed under strict 
equivalence. Then Lift? is a deformation condition if and only if for all morphisms A ^ C, B ^ C 
in Cq with B ^ C small, the natural map 

LiftJ(A Xc B) ^ LiftJ(A) XLiftj(c) 

is surjective. 

Proof. This follows immediately from HSchbSi Theorem 2.11]: since Lift? is a sub-functor of Liftp, 
all of the injectivity statements in Schlessinger’s criteria follow from the corresponding statements 
for Liftp. □ 

Here is an important example, the general analogue of fixing the determinant in the case G = 
GL,v: 

Example 3.4. Recall from Equation ([T]) that p\ G ^ S is the map onto the maximal abelian 
quotient. Fix a lift v: Tf S (O) of p o p; for all G-algebras R, we also write v for the induced 
homomorphism Tf ^ S (R). Then we consider the sub-functor Lift^ of Liftp of lifts p: Ff —> G(R) 
such that p o p = V. This is a deformation condition in the sense of Definition 13.21 

We now recall the usual description of the tangent space of the deformation functor (the proofs in 
what follows are standard, or can be imitated from the case of G = GL^ in UCHTOSI ). Without the 
crutch of matrices, we will instead use the exponential map for G, described for instance in iTil96[ 
§3.5]: for any small extension A B in C^, with kernel 7, the exponential map is a bijection 

exp: g % 7 ^ ker (G(A) ^ G(B)^. 

There are canonical isomorphisms 

(2) Hom^ {mRuJ{n\lu,Tu ),kj = Homc^CT??,k[e]) = Liftp(k[6]) 4 Z^(r,p(g)). 

The isomorphism r associates to a cocycle f 6 Z^(r,p(g)) the lift 

g ^ pig) = exp(60(g))p(g) 6 G{k[e\). 

It also induces Defp(k[e]) = 77^(r,p(g)). We also have the usual variant with fixed similitude 
character as in Example [3^ Eift^(k[ 6 ]) = Z*(r,p(gp)). 

Now suppose Lift? is a deformation condition, represented by R^^ <— 7??/7^. We associate a 
subspace c Z^(r,p(g)), with image if c 77'(r,p(g)), with the property that Lift?(k[ 6 ]) <— 
L°’^, as follows: is by definition the annihilator of f^ Hf^ n under the pairing 

induced by Equation @. Since Eift? is closed under strict equivalence, there is an exact sequence 

0 ^ 77°(r,p(g)) ^ g ^ ^ ^ 0, 

^By the universal property, conjugation of the universal lift by any element of G{R°) induces a morphism Rf 
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i.e. L°’^ contains all coboundaries. 

Beyond simply deseribing the set of deformations to k{e\, the subspaees if are useful in de- 
seribing deformations aeross any small morphism^ R/l in (‘small’ means that • 7 = 0; in 
partieular, 7 is a A:-veetor spaee). Namely, if p 6 Lift^(7?/7), then the set of lifts of p to an element 
of Lift^(7?) is an L°’^(8)j(:7-torsor. This torsor may of eourse be empty, and therein lies the whole dif- 
fieulty of the subjeet. At least one knows that the obstruetion to lifting p to an element of Liftp(7?) 
(not neeessarily satisfying the deformation eondition V) is measured by a elass in 77^(r^,p(g))(g)<:7. 

Definition 3.5. We say a deformation eondition Lift^ is liftable if for all small surjeetions R ^ Rj I, 

LiftJ(7?) ^ LiftJ(7?/7) 

is surjeetive. Equivalently, R^^ is isomorphie to a power series ring over O in dim^ variables. 

Finally, we remark that it is often eonvenient to define a loeal deformation eondition after re- 
plaeing O by the ring of integers O' of some finite extension of Frae(C)); there are various ways of 
handling this, the simplest being just to enlarge, from the outset, O (and k) to be as big as neeessary, 
and then to work with this updated version of Cq (the reader who does not wish to keep traek of 
sueeessive enlargements ean onee and for all take O = W(F^)). 


3.2. The global theory with local conditions. Again we take F to be a profinite group, but we 
also assume it is equipped with maps, indexed by v in some set Z, q: Fy ^ F from profinite groups 
Fy (also satisfying the Afiniteness eondition). We eontinue to fix a eontinuous homomorphism 
p: F ^ G{k), but now the diseussion from ^3.II applies both top and to its ‘restrietions’ pv = pop. 
For eaeh v 6 Z we give ourselves (‘loeal’) deformation eonditions Lift?!', and then eonsider Fift^, 
the funetor of lifts p 6 Fiftp(7?) sueh that p|r„ 6 Fift?^(7?) for all v 6 Z; it is of eourse also 
representable, by a ring we denote 7??’^. We now formulate the analogue of the tangent spaee 
and obstruetion theories in this loeal-global setting. Fet Ly denote the subspaee of Z^(ry,p(g)) 
eorresponding to Pv, with image L,, in 77^(ry,p(g)). Define 

rc°(ry,p(g)) if/ = 0; 

(3) Ly°’‘= L°if/=1; 

Oiff > 2. 


Then eonsider the map of eo-ehain eomplexes given by restrietion to T,, for all v 6 Z: 


C*(r,p(g)) 4 0 C*(ry,p(g))/L°’*. 


veE 


Define a eomplex C^(r,p(g)) = Cone^ ^ (for some ehoiee of eone). We denote eoeyeles and 
eohomology of the eomplex by and 77^, so there is a long exaet sequenee in eohomology 


(4) 


0 ^ 77;(r,p(g)) ^ 77'(r,p(g)) ^ 0 77i(ry,p(g))/Ly ^ 772(r,p(g)) 


veH 


and it is immediate that Fift?(k[e]) = Zp(r,p(g). If the invariants equal the eenter 5 (g), then 
Defp and the eorresponding Def^ are representable (by Sehlessinger’s eriteria-see the proof of 
Proposition l9.2L by objeets Rp and R^ of Co, and then 

DefJ’(k[6]) = 77;(r,p(g)). 
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The essential result is the following; the argument goes back to Mazur’s original article [|Maz89ll . 

Proposition 3.6. Assume that = 3 (g), and let Lift?)' be a collection ofliftable local deforma¬ 
tion conditions. Then the universal deformation ring Rf is isomorphic to a quotient of a power 
series ring over O in dim/^//^(r,p(g)) variables by an ideal that can be generated by at most 
dim^//^(r,p(g)) elements. In particular, if Hp(Y,p{f)) = 0, then Rf is isomorphic to a power 
series ring over O in dim,;- //^(r,p(g)) variables. 

Remark 3.7. Liftability of the local deformation conditions is used to define classes in p{f))®k 
I measuring the obstructions to surjectivity of Def^(i?) ^ Def^^Ci?//), for any small surjection 
R Rjl. 


Remark 3.8. The whole discussion of this subsection continues to hold if we fix a similitude char¬ 
acter v: T ^ 5 {O) as in Example [XU simply replacing g by g^ in all the group cohomology calcu¬ 
lations; in order to have a transparent relationship between the two problems-with fixed similitude 
character and without-we use our (/’ very good) assumption that p: G ^ S splits at the level of 
Lie algebras: g = g^ © s, G-equivariantly. A liftable local deformation condition Lift?" with tangent 
space Ly then induces a liftable local deformation condition, now also requiring fixed multiplier 
character, Lift?”’' with tangent space Ly n //^(Lv,p(g^)). If we are fixing similitude characters, then 
we will use L,, to refer to this intersection, not to the larger tangent space. 


3.3. Deformations of Galois representations. We specialize now to the setting of interest. The 
results of this subsection will be explained with proof, in a very slightly different (but perhaps less 
familiar) context, in §0 see Proposition |9]2l Lix a number field F and a continuous representation 
p\ Yf ^ G(k) that is unramified outside a finite set of places 2, which we will assume contains 
all places above i and 00 . Then for L we will take Tthe Galois group of the maximal extension 
inside F that is unramified outside of 2. For each v 6 2, we consider the groups F^ = L^^ 
with their maps L^r^, ^ L^^j; (enshrined in ^2]). Note that L^rj: and L^^ satisfy the Afiniteness 
hypothesis, so the discussion of sections [XTII3.2I applies. Fix a lift v: Ypj, S( 0 ) of p o p, and 
for the remainder of this section require all local and global lifting functors to have fixed multiplier 
V. For each v 6 2, fix a liftable deformation condition “Py, yielding a global deformation condition 
"P = {^vlves, so that we can consider the global functors Lift? and Def?. The former is always 
representable, and the latter is as long as we assume that the centralizer of p in g is equal to 3 (g), 
which we do from now on. 

The obstruction theory of Proposition 13.61 is related to a more tractable problem in Galois coho¬ 
mology via the following essential result, which follows from combining the long exact sequence 
of Equation dH) with the Poitou-Tate long exact sequence. To state it, let L-^ c HfYF^,,p(Qf)(l)) 
denote the orthogonal complement of L,, under the local duality pairing (recall we have fixed an 
identification g* = g^), and consider the dual Selmer group 


HUrFx,p(QM)(f)) = ker 


//'(rF,z,p(g^)(l)) ^ 0//'(rf„p(g^)(l))/L: 


V€S 


Again, see Proposition 19.21 for proofs of (slight variants of) what follows. 


Proposition 3.9. dimH^{YpiQ/i)) = dimp^^,plQ^^Xl)). 


We also recall Wiles’s formula relating the size of a Selmer group to that of the corresponding 
dual Selmer group, a consequence of global duality and the global Euler characteristic formula. 
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Proposition 3.10. Retain the above hypotheses and notation. Then 

h\TF,p{Q^)) - h\Tp,p{Q^){\)) + Yj (dim a, - h\Tp^,p{%^))). 

V€S 

Of course, we have assumed /z°(r/ 7 ,p(gp)) = 0, but the formula holds as stated without this 
assumption. Propositions 13.bilXyi and l3.10l vield the global eohomologieal foundation of Ramakr- 
ishna’s method: 


Corollary 3.11. Letp: r^- ^ G{k) be a continuous homomorphism with infinitesimal centralizer 
equal to 3 (g), and let "Z be a finite set of places of F containing all primes at which p is ramified, 
all archimedean places, and all places above €. Fix a multiplier character v lifting pop. For all 
V 6 2, let Vv be a liftable local deformation condition with corresponding tangent space L^. If 
Fx,p{9,f){^)) = 0, then Rf is isomorphic to a power series ring over O in 

dim//^(rf,^,p(g^)) = h\rF^,p(Q^)) - h\rF,^,p(Q^)(i)) + _^(dimA, - h\rF^,p(Q^)) 

veS 

variables. 

Remark 3.12. Reeall that for any finite Y F,i-module M and eollection of subspaces c //' (F, M) 
for V 6 2, the Selmer group ^(Yfj.,M) ean also be regarded as the subset ^(rF,M) of 
H^(Yf,M) eonsisting of all elasses whose restrietion to Ff^ lies in Ly for all v 6 2 , and whose 
restriction to F f„ is unramified for all v ^ 2. In partieular, for any finite plaee w ^ 2, if we take L„ 
to be the unramified loeal eondition, then the canonieal inflation map 

is an isomorphism. 


4. Some liftable local deformation conditions 

In this section we study some local deformation eonditions that are partieularly useful for the 
global application to exceptional monodromy groups. 

4.1. Ordinary deformations. Fix a Borel subgroup B <z G, let N denote its unipotent radieal, 
and let T be the torus B/N. Let F be a finite extension of Q^, with absolute Galois group F^ = 
Gal(F/F). In this seetion we will study the funetor of ordinary lifts of a residual representation 

P:Yf^ G{k) 

that satisfies p(F f) c B{k). This problem is diseussed in [lTil96[ §2], and our arguments will have a 
quite similar flavor, but will yield precise analogues for a general group G of the results proven in 
[ICHT081 §2.4.2] for the case G = GL„. Following Tilouine, we introduee (but do not yet impose) 
the following hypotheses: 

(REG) //”(Ff,p(g/b)) = 0. 

(REG*) //VF,p(g/b)(l)) = 0. 

We now define the deformation functor of interest. We can push-forward p to a homomorphism 

(5) pT:YF^T{k), 
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and we once and for all fix a lift 

Xt'- h ^ T{0) 

of pri/f • For any C)-algebra R, we also denote the associated homomorphism to T{R). 

Definition 4.1. Let 

Lift^": ^ Sets 

be the subfunctor of Liftp whose set of i?-points Lift^^(i?) is given by all lifts p-.Yp^ G(R) of p 
such that 

• there exists g 6 G{R) such that ^p(r p) c B(R); and 

• the restriction to inertia of the push-forward 

i^phhx- If ^ B(R) ^ T(R) 

is equal to xt- 

We let Rp’^^ denote the universal lifting ring representing Lift?^. 

Lemma 4.2. Assume p satisfies (REG). Then is well-defined (i.e. the second condition in 
Definition \4. l\ does not depend on the choice of g), and it defines a local deformation condition in 
the sense of Definition \3.2\ 

Moreover, if p: Tp G(0) is a continuous lift of p such that pn = p (mod vj") belongs to 
llftfX(O! vt'^) for all n > \, then p is G{0)-conjugate to a homomorphism F^ ^ B(0) whose 
push-forward to T(0) equals Xt on Ip. 

Proof. Both claims follow from the elementary fact (see [|Til96[ Proposition 6.2]), whose proof 
requires the assumption (REG), that if for some g 6 G{R), both p(Yp) c B{R) and ^p{Tp) c B{R), 
then g 6 B{R) (see Lemma l4. lOl below for a similar argument). Consequently, the push-forwards pp 
and {^p)t agree, so Lift^^ is well-defined, and that it defines a local deformation condition follows, 
using Lemma [X3l as in [|Til96l Proposition 6.2] (or again, see Lemma lOOl below). 

The second claim follows from the same consequence of (REG). Namely, for all n > 1, let 
g„ 6 GfOlvr") conjugate p„ into B, so that, by the previous paragraph, there is some 6 BfOlm’') 
such that 

gn+l (mod Vf) = bngn- 

Lifting bn to an element 6 BfOlvr"'^^) and replacing gn+i by bfgn+i, we may assume g„+\ lifts 
g„. After inducting on n, the resulting (g„)„>i define the required element of G(0). □ 

We can now describe the tangent space of the deformation condition associated to Lift^^: 

Lemma 4.3. Assume p satisfies (REG), so that YiitfX defines a local deformation condition. Then 
its tangent space is 

ker(//HLf,p(b)) ^ Hflp,p(bln))). 

Proof. Note that by the assumption (REG), H^(Tp,p{b)) is a subspace of H^(T ^,p(g)), so the claim 
of the lemma is meaningful. Let (f> 6 Z*(L;r, p(g)) represent a class in the tangent space, so that 
there exists X 6 g such that 

exp(6Z) exp(60(g))p(g) exp(-6Z) e B(k[e\). 

Replacing f by the cohomologous cocycle g i-^ (p{g) + X - ad(p(g))Z, we may therefore assume 
that (j) belongs to Z^(Yp,p{h)). Pushing forward to T{k\_e\), we see that 0 (g) 7 ’|/^ = 0, and the claim 
follows. □ 
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We now come to the main result of this section. To achieve a particularly simple description of 
we require additional hypotheses on p; but note that this result implies the result of UCHTOSl 
§2.4.2] in the case G = GL„. 

Proposition 4.4. Assume that p satisfies (REG) and (REG*), and that ^ E. Then Lift^^ is 
liftable, and the dimension ofL^d is dimj(.(n)[F : Q^] + dim^ H'^(Y ^,p(g)). That is, R^’^^ is a power 
series ring over O in dim^ g + dim^(n)[F : Q^] variables. 

Proof. We must show that Lift^^ is formally smooth, and that the tangent space Ejf has the claimed 
dimension. Both claims rely on the observation that Ep-iTf,p(n)) = 0, which follows from the 
assumption (REG*). To see this, note that the Killing form, which is r;r-equivariant, induces a 
non-degenerate pairing n x g/b ^ k, hence a T^-equivariant identification n* = g/b. Local duality 
then implies 

H\YF,p(n)) = H\YF,p(Q/h)a)r = 0 . 

We first use this to compute dimL^^, the key point being that the map 

( 6 ) /: H\YF,m) ^ H\h,p(bln)f^l^^ 

used in describing Ifd is surjective. Indeed, it is the composite of maps 

H\YF,p(b)) 4 H\Yp,p(bln))^ H\h,p(bln)f^l^\ 

where a is surjective since H^(Y f, p(n)) = 0; and where jd is surjective because T p I Ip has cohomo- 
logical dimension 1. Now (REG) and (REG*) imply, respectively, that H^(Y f,p(b)) = H^(Y f, p(g)) 
and H^(Yp,p(h)) = H^(Y F,p(b/n)), and then the local Euler characteristic formula and local duality 
imply that 

(7) h\Yp,p(h)) - h\Yp,p(Q)) = [F : Qd dimb + h\Yp,p(hln)) 

= [E : Qf] dimb -l- h'^(Yp,p(h/n)(l)) = [E : Qf] dimb; 

in the final equality we use the hypothesis i E (note that p(h/n) is a trivial EF-module). More¬ 
over, by local class field theory 

(8) h\lp,p(bln)fFh = h\Yp,p(bln)) - h\YplIp,p(bln)) = dim(b/n)[E : Q,], 
and we can combine Equations ([7]) and ([8]) to conclude that 

dimker(/) - h^(Yp,p(f)) = dim(n)[E : Q^]. 

Now we show that Lif^^ is liftable. Let R R// be a small surjection in C^, and let p 6 

Lif^^(R//). We must lift p to an object of Liftf^(R), and since G is smooth, it suffices to do 
this in the case where p factors through B(RII). The obstruction to lifting p to a homomorphism 
Pr: Tf ^ B(R) lies in H^(Yp,p(h)) iS>k /, which is zero as we have already seen h^(Yp,p(n)) = 0 
and h^(Y F,p(b/n)(l)) = 0. We can therefore find such a pp, and it remains only to arrange its push- 
forward to T to equal;^fF• But the space of R(R)-valued lifts of p is an H^(Y F,p(b)) % /-torsor, and 
the claim follows immediately from the surjectivity of the map / in Equation ® . □ 

Let us quickly explain how the analogous results with fixed multiplier character immediately 
follow from Proposition I4.4[ Eix a homomorphism p: G ^ 5 to an G-torus S , and let g^ be the 
Lie algebra of = kerp. Eix a lift v: Ef ^ S(0) of p o p. The restriction of p to 5 factors 

through BjN = T, so popp = v, and it makes sense to require that;^fF satisfy p = yfi- Then 
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we can define the functor Lift^’^^ of lifts of p that are both of type;^^?’ and of type v. Since € is very 
good for G, we conclude: 

Corollary 4.5. The functor Lift^’^^ defines a liftable deformation condition with tangent space 
of dimension 

= h^{YF,p{o,fii) + {F : Qf] dim^(n). 

Remark 4.6. This extra [F : Q^] dim^ n in the dimension of the local condition at k is exactly what 
is needed in Ramakrishna’s method (or originally in the Taylor-Wiles method) to offset the local 
archimedean invariants for ‘odd’ representations. See Equation (fTTI) in the proof of Proposition 

O 

Remark 4.7. There are analogous results in the case p i, which follow from the same arguments. 
Namely, if we now take F to be a finite extension of Qp, and let p: T^ ^ B{k) be a homomorphism 
satisfying (REG) and (REG*), then still assuming d,t i F (which, note, affects the calculation of 
/?'(rF,p(I)/n))) we deduce that the functor of type;^^^ lifts gives rise to a liftable deformation con¬ 
dition whose associated tangent space has dimension h°(rf ,p(g)), as is needed for Ramakrishna’s 
global Galois cohomology argument. In ^4.31 we will consider one well-behaved example, defor¬ 
mations of Steinberg type, in which the condition (REG*) fails. In general, however, if (REG*) 
fails, or if belongs to F, then the type-;^^^ deformation ring can be singular, making it ill-suited 
for Ramakrishna’s method. 

Finally, in our global applications we will want our characteristic zero lifts to be de Rham; this 
is not the case for all of the lifting functors Eiftf^ considered in this section. We can ensure it as 
follows: 

Lemma 4.8. Let xt '■ h T{0) be a lift of pj such that for all a e A, a o xt = k''‘‘ for some 
positive integer r^. Let (p°’^^,F?’^^) be the universal object for Eif^^. Then for all 0-algebra 

homomorphism f: Rf^"^ Q^, the push-forward f(p°’^^) is de Rham. 

Proof First note that by the second part of Eemma 14.21 the G-points of R^’^^ admit a moduli 
description analogous to that of Definition 14.1[ While the de Rham condition is not stable under 
extensions, it is stable under direct sums and under extensions of the form 

(9) 

where r > s. For a lift p 6 Eiftf^(G), which we may assume valued in B{0), we apply this 
observation to the E^-stable filtration of by root height, i.e. the decreasing filtration with 
Fir b^^ equal to the direct sum of all (positive) root spaces of height at least i. That b^^ is de Rham 
follows by induction, since for any positive root y, Ad(B)(Qy) has non-zero -component only 
when y' - y is a nonnegative linear combination of simple roots. The product map B GE(b) x T 
is faithful, so we can conclude p itself is de Rham. □ 

4.2. Ramakrishna deformations. This section studies the local deformation condition used at 
the auxiliary primes of ramification in Ramakrishna’s global argument. Eet F be a finite extension 
of Qp for p i, and let p: T^ ^ G{k) be an unramified homomorphism such that pifrp) is a 
regular semi-simple element. Eet T be the connected component of the centralizer of p(frf); this 
is a maximal k-torus of G, but we can lift it to an G-torus (uniquely up to isomorphism), which we 
also denote T, and then we can lift the embedding over k to an embedding T ^ G over G (see 
IIConl4[ Corollary B.3.5]); moreover, the latter lift is unique up to G(G)-conjugation. T splits over 
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an etale extension O' jO (eorresponding to a finite extension of residue fields k' jk), and we for the 
rest of the seetion enlarge O to O' (and k to k'). We therefore assume that T is split, and we will 
invoke freely the resulting theory of roots and root subgroups (see IIConl4[ §5.1]). 

Definition 4.9. An unramified residual representation p\ Yf ^ G{k) is defined to be of Ramakr- 
ishna type if 

• is a regular semi-simple element; and 

• letting T as above denote the eonneeted eomponent of the eentralizer of p(fr/-), there exists 
a root a 6 <1>(G, T) sueh that 

a(p(frO) = k(frO = qpK 

By the regularity assumption, the order qp of the residue field of F is not eongruent to 1 (mod £). 
Let Ha = T ■ Ua he the subgroup of G generated by T and the root subgroup Ua eorresponding 
to a. We now define the lifts of p of Ramakrishna type: let Lift?™(R) be the subfunetor of Liftp 

—■ P' 

eonsisting of all p 6 Liftp(R) sueh that p is G(R)-oonjugate to a homomorphism ^ Ha(R), with 
the resulting eomposite 

Yp 4 HaiR) ^ GL«(g, = R^ 

equal to k. 

Lemma 4.10. For p of Ramakrishna type, Lift^“™ is well-defined and yields a liftable deformation 
condition. 

Proof. We eheek the Mayer-Vietoris property of Lemma IX3l The argument is quite similar to that 
of Lemma l4^ and we give the details here sinee they were omitted above. Let A ^ C and B ^ C 
be morphisms in C^, and assume B ^ C is small. Suppose we are given 

PaXPb& LiftJ“”(A) XLiftRam(c) Lift?“”(B). 

By assumption, there exist gA 6 G(A) and gp 6 G{B) sueh that ^^Pa faetors through Ha(A), and 
faetors through Ha{B). We denote the push-forwards of gA and gp to C by and gp c- Sinee the 

push-forwards of Pa and ps to G(C) are equal-denote this element of Liftp(C) by pc-both ^'^■'^pc 
and faetor through Ha{C). We are thus led to eonsider, for any p\Yp^ Ha{R) lifting 

p, the set 

V{p,R) = {g 6 G{R) : ^p{Yp) c //„(R)}. 

We elaim F({p,R) = Ha{R)\ from this it follows that the element gA.cgpc be lifted io h e 

Idi^'^pp, B) = Ha{B), so that gA and hgp have the same image in C; and this in turn easily implies 
that Pa x pp is an element of Lift^^"'(A Xc B). 

To prove the elaim, we argue by induetion on the length of R, so we let R R// be a 
small morphism and assume the elaim over R//. Fix age 'U{p,R), so the fiber of Fl{p,R) 
F{(pr/j,RII) eontaining g eonsists of all elements of the form exp(y)g, for T e g % 7, sueh that 
exp(r)gp(-p^^ c 77 q,(R). But this implies that exp(y - ■ ^p(cr) e Ha{R) for all a &Yp, henee 

that exp(y - 6 Ha{k) for all cr. But now the regularity hypothesis implies that Y belongs to 

1 ® go- = Lie(77Q,), and the elaim follows. 

Having established that Lift?™ is a deformation eondition, we now eheek that it is liftable. Sinee 

G is formally smooth, it suffiees to show that we ean lift an element p^// of Lift?™(R//) that faetors 
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through HaiR/I) to Every element of HaiR) ean be written uniquely as a produet of 

elements of Ua{R) and T{R) (in this degree of generality, see IIConl4[ Theorem 4.1.4]), and writing 

pR/lig) = Ua{Xg) xtgE UaiR/1) X T(R/I), 

we see that g is a homomorphism, and g Xg is a eoeyele in Z^{Yf,R/I{l)) (sinee a o tg = 
k(8)^ by assumption). Note also that tg is neeessarily unramified, sinee p is unramified, p t, 
and qp ^ I (mod £). It is then easy to easy that g ^ tg lifts to a homomorphism (neeessarily 
unramified) T^ ^ T{R) whose eomposition with a is k\ and then to lift g Xg it suffiees to see 
that H^(J'p,R{\)) H^(Yp,RII{\y) is surjeetive. This follows from injeetivity of H^(Yp,I{\)) 
RP'(Yp,R{\)), whieh in turn (by loeal duality) follows from surjeetivity of 

Hom(7?, Q/Z) ^ Hom(/, Q/Z). 


□ 

Next we deseribe the tangent spaee L?™; for later use, it is also eonvenient to deseribe the 
annihilator inside H^{Yp,p{Q)(l)). Consider the sub-torus = ker(cr)‘’ of T, and denote by 

to. its Lie algebra. There is a eanonieal deeomposition Iq, © Iq, ^ f with Iq, the one-dimensional torus 
generated by the eoroot . 

Lemma 4.11. Let IT = Iq, © Qq,, and assume p is of Ramakrishna type. Then: 

(1) The tangent space o/Lift^^™ is (the preimage in Z'^(Yp,p{f)) of) 

Lf^ = im(//Hrf, IT) ^ H\Yp,p(Q )). 

(2) dimLf” = h\Yp,pm 

(3) The orthogonal complement c //^(T^,p(g)(l)) is equal to 

im(H\Yp,p{W^){\)) ^ //'(rf,p(g)(l))), 

where denotes the annihilator of W under the given G-invariant duality on g. 

(4) All cocycles in c Z^(Yp,p{f)) have la-component, under the canonical decomposi¬ 
tion g = gy © Iq, © la, equal to zero. All cocycles in c Z'(rf,p(g)(l)) have g_Q. 

component equal to zero. 

Proof. Let p 6 Lift^^“(k[e]), with assoeiated 1-eoeyele f e Z^(Lf,p(g)). Then there exists X e q 
sueh that 

exp(6X) exp(e0(g))p(g) exp(-eZ) 6 Ha(k[6]) 

with image ^(g) under a. Modifying fhy X - Pslx we may then assume that f e Z^(Yp,p(W)), 
desired. 

To eompute dimL?®™, eonsider the long exaet sequenee in L^-eohomology assoeiated to the 
sequenee of L ^-modules 

0^p(lT)^p(g)^p(g/lT)^0. 

Putting the definitions together with loeal duality, we find 

dimLf- - h\Yp,p{f)) = h\Yp,p(W*)(l)) - h\Yp,p(QlW)) = 0, 

sinee by assumption eaeh term on the right-hand side is one-dimensional. 
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For part (3), note that clearly contains the image of //'(F^,p(VF-^)(l)), so it sufhces to 

check the two spaces have the same dimension. This follows as in part (2), now by considering the 
piece of the long exact sequence in cohomology beginning 

0 ^ im(//i(Ff,p(lT^)(l))) ^ //'(rF,p(g)(i)) ^ . 

(Use the identifications W-^ = (g/VF)* and g/VF"^ = VF* to reduce to the calculation in part (2).) 

Part (4) follows immediately from parts (2) and (3) and an easy calculation: note that all root 
spaces except g_Q, pair trivially with VF. □ 

Remark 4.12. If we fix the similitude character, the above goes through mutatis mutandis. 

4.3. Steinberg deformations. Let F be a finite extension of Qp for p £.ln this section we study 
deformations that generically correspond to Steinberg representations on the automorphic side. In 
the global application of §(^ this deformation condition will be used at a prime p ^ C to ensure the 
algebraic monodromy group of a characteristic zero lift is ‘big enough.’ 

For simplicity (this is all that will be needed in the application), assume G is an adjoint group. 
We may then assume it is simple, with Coxeter number h. We assume ^: F^- ^ has order greater 
than h - \ . Let 5 be a Borel subgroup of G over O, and let N denote the unipotent radical of B, so 
B/N = T is an G-torus. We may as usual replace G by a finite etale extension before defining our 
lifting functors, and so we may and do assume that T is split, and that there is a section B = N xT 
(see IIConl4[ Proposition 5.2.3]). The split torus gives us a root system 0(G, T), and the Borel 
B D T gives us a system of positive roots with simple roots A. 

Definition 4.13. Let p: Yf ^ B{k) be a representation factoring through B, and assume that for 
all a 6 A the composite 

Yf 4 B{k) T{k) ^ k^ 

is equal to k. In this case we say p is of Steinberg type. We define the lifts of p of Steinberg type 
to be the sub-functor Lift|‘(i?) of p 6 Liftp(i?) such that p is G(i?)-conjugate to a homomorphism 
p' -.Yp ^ B(R), and for all a 6 A the composite 

Yp ^ BiR) T(R) ^ R^ 

equals k. 

Lemma 4.14. For p of Steinberg type, Lift^ is a well-defined deformation condition. 

Proof. Our hypothesis that 1,^,^^,.. are all distinct implies that //‘’(F^,p(g/b)) = 0 (note 
that h - I is the height of the highest root). Then the lemma follows exactly as in Lemma l4^ □ 

We now compute the tangent space of Lift?': 

Lemma 4.15. The tangent space L?' is equal to 

ker(//'(Ff,p(b)) ^ //'(Ff,p(b/n))) 

and has dimension h°(Ff ,p(g)). 

Proof. Note first that the assertion of the lemma makes sense, since //'(Ff,p(b)) ^ //*(Ff,p(g)) 
is injective; so, too, is //'(Ff,p(b/n)) ^ //'(Ff,p(g/n)). The description of L?' follows easily, as 
in Lemma 1431 Note that L?' also equals 

ker(//'(Ff,p(g)) ^ //'(Ff,p(g/n))). 
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The long exact sequence in Tf-cohomology associated to 0 ^ pin) p(g) ^ p(g/n) ^ 0 then 
implies 


dim(Lf) - h\Yp,p{Q)) = h\Tp,p{n)) - h\Tp,p{n)) - ,p(g/n)) 

= h\Yj.,p{n)) - h\Yp,p{Qln)) = h\Yp,p{m{l)) - h\Yj.,p{Qln)). 


In the last expression, each negative simple root contributes one dimension to the p(g/b)(l) term, 
and the image of t gives the p(g/n) term; the net contribution is then rk(G) - rk(G) = 0, so 
dim(L|') = /z°(rf,p(g)). □ 

Although the argument to this point closely resembles that of ^4.1[ the failure in the Steinberg 
case of the condition /z°(rf,p(g/b)(l)) = 0 means we have to work somewhat harder to establish 
liftability: 

Lemma 4.16. Lift?' is liftable. 


Proof. Let i? ^ i?// be a small surjection, and let p 6 Lift|‘(i?//) be a lift of Steinberg type. We 
may assume that p factors p: ^ Now, the Lie algebra b admits a 5-stable filtration by 

root height: let F% = b, and for r > 0 let 


F''b 



ht(Q')>r 


so we have 

h = F% D F^h D ■ ■ ■ D F^-^h D F^'b = 0. 


For each i = 1,.. ./z, let N>i be the closed subgroup of N, also a normal subgroup of B, whose 
Lie algebra is F'b. We will construct a lift of p by inductively constructing lifts to each 5/A>,. 
For / = 1, the lift is forced on us by the definition of the Steinberg condition: we take the unique 
character F^^ ^ B/N>i(R) = T(R) whose composition with each simple root equals k. The case of 
lifting to BIN >2 is rather special, and we postpone it. Assume then that i > 2, and that by induction 
we are given the following commutative diagram, where our task is to fill in the dotted arrow: 





P>i+l 


■iB/N>fR) 


> BIN>iMRII) -^ BIN>i{R/I). 


The obstruction to lifting p>,+i is, by standard obstruction theory and existence of the lift p>,-, an 
element of 

ker(H\YF,pih/F‘^^h)) <S>k I ^ //'(F^,p(b/F'b)) <S>k /). 

But observe that 


h^{YF,piF‘h/F^^%)) = 




since we are considering the cases i = 2,... ,h - 1, and we have assumed the order of x is greater 
than h - \ . 

Thus it remains only to consider the case when / = 1 in the above diagram. Via our fixed splitting 
5 = V X F, we can write 

p> 2 : Yf V/V>2(F//) X TiR/I) 


P>2(g) = exp(0(g)) xp>i(g) 
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in the form 










for some function 0: F/- ^ We can clearly liftp>i to a homomorphismp>i: F^ ^ T{R) 

satisfying a o p>i = k for all cr 6 A, so having done this we need only address lifting 0 . But note 
that (p is simply an element of 

Z'(Ff,p>i(Fib/F2b)) = 

so to construct a lift p >2 (with the fixed push-forward p>i to T), we need only lift this co-cycle to 
an element of Z^(F p, ©q.6a^( 1)); this is done exactly as at the end of Lemma |4.10[ and the proof is 
complete. □ 

4.4. Minimal prime to i deformations. In the application, we will require one more especially 
simple local condition. Continue to assume F is a finite extension of Qp with p i. Now suppose 
that p\Yp^ G(k) satisfies £ f pilp). Let Lift? be the deformation condition consisting of all 
p 6 Liftp(i?) such that p|/^ factors through the fixed field of p|/^. 

Lemma 4.17. Under the above hypotheses, Lift? is a liftable deformation condition whose tangent 
space has dimension h^(Yp,p{f)). 

Proof. This follows immediately from the Hochschild-Serre spectral sequence and the following 
standard facts: 

• = 0 for all / > 0 ; 

• H^iXplIp, M) = 0 for all finite F^//;r-modules M (take M = p(g)^''); and 

• h^iYplIp, M^'") = fi°(Ff, M) for all finite F^-modules M. 

□ 

4.5. The archimedean condition. Our global deformation problems will not explicitly impose 
any condition at the archimedean places, but the archimedean deformations will implicitly be dic¬ 
tated by properties of the residual representation. Basic to Ramakrishna’s method, and to the origi¬ 
nal form of the Taylor-Wiles method, is the requirement that the residual representation be suitably 
‘odd.’ We will now explain this oddness condition. The reader might wish to glance ahead to 
Equation (fTTl) in ^(with reference to assumptions © and ©, also in For an appropriately 
chosen collection of local deformation conditions (we restrict for simplicity here to semi-simple g, 
so there is no ‘multiplier character’), this equation gives an equalit >0 

(10) dim//;(Ff,x,p(g)) - dim//;,(Ff,z,p(g)(l)) = [E : Q] dimn - h\Yp^,p{f)). 

v\oo 

We recall that an involution r of G is called a split Cartan involution if dim g^ = dim(n). 

Lemma 4.18. In order for the right-hand-side of Equation HUi to be nonnegative, F must be 
totally real, and Ad(p(Cv)) must be a split Cartan involution for all complex conjugations Cy. 

Proof Observe that 

^ fi°(Ff„,p(g)) = ^ dimg -h ^ dim g^^" > 

v’loo V complex v real 

^ dim g -i- ^ dim n = [F : Q] dim n -l- #{v complex} • dimt, 

V complex v real 

g 

The logic of the present section only depends on knowing the right-hand-side of this equation; we mention the rest 
only for motivation. 
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with equality only when every Ad(p(Cv)) is a split Cartan involution of g (see IIYunl4[ Proposition 
2.2] for this result, due to Cartan, about involutions of a reduetive group). The value of Equa¬ 
tion (fTOl) being nonnegative thus forees F to be totally real and all p(Cv) to induce split Cartan 
involutions of g. □ 

We then ask: what (connected reductive) groups G contain an order two element c such that 
Ad(c) is a split Cartan involution? 

Lemma 4.19. If — \ belongs to the Weyl group ofG, and the co-character p'^ (the half-sum of the 
positive co-roots) of G^'^ lifts to a co-character of G, then G(k) contains an element c of order 2 
such that Ad(c) is a split Cartan involution of g‘*“. If does not belong to the Weyl group of G, 
then G(k) contains no such element c. 

Proof Fix a split maximal torus T of G and a choice of positive system of roots with respect to T. 
If -1 6 Wg, then p'^(-l) 6 G“‘*(k) is a split Cartan involution by [|Yunl4[ Lemma 2.3]. If lifts 
to G, then of course the same is true of p'^(-l) 6 G{k). If we do not assume -1 6 Wg, but just 
consider any split Cartan involution r, then decomposing g = g'^Sg" into +l-eigenspaces for r, one 
checks that the maximal abelian semi-simple subalgebra 5 of g“ must be a Cartan sub-algebra (see 
the proof of [|Yunl4[ Proposition 2.2]). Thus r acts as -1 on 5 , and if r were an inner automorphism 
of G, we would necessarily have -1 e Wg. □ 

Remark 4.20. • Note also that while p^ does not always lift to G (eg, G = SL 2 ), we can 

always enlarge the center of G to make the lift possible (eg, G = GL 2 ). See Equation (1271) 

inim 

• Our later arguments do not logically require this description of the case -I i Wg, but we 
provide it for motivation. When -1 does not belong to Wg, we will have to work with 
a suitable non-connected extension of G, in order for the split Cartan involution to be an 
inner (in the larger group) automorphism: see ^ 10.11 

5. The global theory: axiomatizing Ramakrishna’s method for annihilating the dual Selmer 

GROUP 

Let p: Ef £ ^ G(k) be a continuous homomorphism such that the infinitesimal centralizer of 
p is 3 (g), so that the deformation functor is representable. We now begin to explain the global 
Galois cohomological argument, due to Ramakrishna [|Ram021 for G = GL 2 and F = Q, that under 
favorable circumstances allows us to find a geometric characteristic zero lift of p. To be precise, in 
this section we will explain an ‘axiomatized’ version of the method; then in ^and Owe explain 
precise conditions on p that allow this axiomatized method to run successfully. Recalling that S is 
the maximal torus quotient of G, We fix once and for all a de Rham ‘similitude character’ v lifting 

pop: 


S(0) 



We will henceforth only consider, both locally and globally, lifts of p with fixed similitude character 
V (see Example 13.41) ; thus g^ = g‘*“ is the Galois module appearing as coefficients in all of our 
cohomology groups measuring deformations of p. We remark, however, that the reader will lose 
little simply by assuming G is adjoint. 
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Let K = For the rest of this section we assume the following: 

(1) h^(rF,p(Qfi)) = F,p(gp)(l)) = o. We note here for later use that since ■( is very good for 

G, our centralizer condition on p is equivalent to the condition h^{TF,p{o,^)) = 0. 

(2) There is a global deformation condition P = {^vIvee consisting of liftable local deforma¬ 
tion conditions for each place v e S (taking fixed multiplier character, both locally and 
globally); the dimensions of their tangent spaces are 

(0 if v|oo; 

dimL,. = I h°(rf„,p(g^)) if v f C • oo; 

[h\YF, ,p(Q^)) + [F„ : Q,] dim(n) if v^. 

(3) F is totally real, and for all v|oo, 

h°(rF„,p(g^) = dim(n) 

(4) H\Ga\{K/F),p(Q,)) = 0 and H\Ga\{K/F),p(Q^)(l)) = 0. 

(5) Assume item dH) holds. For any pair of non-zero Selmer classes 4> ^ ^^±(rF,E,p(g^)(l)) 
and if/ 6 ^^(FF 5 ;,p(g^)), we can of course restrict 0 and if/ ioT^, where they become 
homomorphisms (rather than twisted homomorphisms), which are non-zero by item dH). 
Letting and K^/K be their respective fixed fields, we assume that and are 
linearly disjoint over K. 

( 6 ) Consider any (p and if/ as in the hypothesis of item dS]) (we do not require the conclusion to 
hold). Then there is an element cr e F^? such that p(cr) is a regular semi-simple element of 
G, the connected component of whose centralizer we denote T, and such that there exists 
a root a e <1>(G, T) satisfying 

(a) x(cr) = Of o p(cr); 

(b) k\if/{TK)\ has an element with non-zero Iq, componentjd and 

(c) k[(p(rK)] has an element with non-zero g_Q, component. 

Remark 5.1. We note that these conditions continue to hold if we replace k by a finite extension, 
hence if we replace O by the ring of integers in any finite extension of Frac(G). We will use this 
flexibility freely in the applications of Proposition 15.2[ 

Proposition 5.2. Under assumptions (E])-® above, there exists a finite set of primes Q disjoint 
from S, and a lift 

G{0) 

p / ^ 

/ 

y 

rF,IUQ ^ G(k) 

such that p is type Py at all v el. and of Ramakrishna type at all v e Q. 

Proof The strategy is to allow additional ramification at auxiliary primes (those in Q) to de¬ 
fine a global deformation problem whose corresponding dual Selmer group vanishes; then we 
will conclude from Corollary 13. Hi We are already done unless there is a nonzero element (f> 6 


^Recall from Lemma l4.11l that L is the span of the cr-coroot vector. 
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^^x(rF,i,p(g/i)(l))- Recall Wiles’s formula: 

(11) dim//;(rFs,p(g^)) - dim//;x(rF,s,p(g^)(l)) = 
h\Tp,p{Q,)) - h\YF,p{Q,){\)) + _^(dimL, - h\Tp^,p{%,)) = 

V 

^[Pv : Q^] dimn - ^ /z°(rF^,p(g^)) = 0, 

V’l^ l’|oo 

the equalities of the final line following from assumptions ([B, ©, and In particular, having 
such a non-zero (f> forces the existence of a non-zero if/ 6 //^(FF,p(g^)). 

We will see that the hypotheses of the proposition allow us to achieve the following: 

Lemma 5.3. There exist infinitely many primes w ^ S such that plr^^ is of Ramakrishna type and 

( 12 ) ^ 

(13) 

here L™"' denotes the tangent space of the unramified local condition (which is what is implicitly 
taken we study deformations of type V), and denotes (as in Lemma \4.1 Ih the tangent space of 
the local condition of Ramakrishna type. 

We admit the existence of such a w for the time being, and show how to conclude the argument 
of Proposition |5© Let L„ = L™*' n so that -l- There are evident inclusions 

(14) Py3xu£Ra"i.-L(Pr’.5:un'jP(gju)(l)) p(Qfj^(lfi, 

(15) //;x(rFs,p(gF)(i))^^^xuFi(rF,zuw,p(g^)(i)), 

and we claim the second of these is an isomorphism. A double invocation of Wiles’s formula 
(alleviating the notation with the self-explanatory shorthand) gives 

= KyjK -hp- dimPw + h^{TF„,p{Qfii), 

and the right-hand side of this equality is zero: indeed, this follows by exactness of the sequence 

0 ^ ^^uL„,(rpzuw,p(gF)) ^ //^(rF.E,p(g^)) ^ ltik ^ o, 

where for surjectivity we use the assumption that i P™ the fact that 

dim(Lr/(LrnL^“”)) = l. 

Note that the intersection here is (see Lemma l4.11l) 

im(//HrF„,,p(t„)) ^ . 

So, the map of Equation ([T?]) is an isomorphism, and combined with Equation (fT4l) we get an exact 
sequence 

0 ^ //;,^^Ra.,x(rF,suw,P(g^)(i)) ^ //;x(rF,s,p(gF)(i)) ^ //'(rF„,p(g^)(i))/p^^'"'L 

By assumption (Equation (O©). f 6 //^x(rF,E,p(g^)(l)) does not restrict to an element of P^^™’"*", 
so //^^^^R,.„.,,(rFEuvy,p(gF)(l)) has strictly smaller order than iy^x(rF,E,p(g^)(!)), and by induction 
the proof of Proposition 15■2[ modulo Eemma [53l is complete. □ 


It remains to prove Eemma l531 
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Proof of Lemma [53] For our fixed (f> and if/, we obtain a cr e F^, a maximal torus T, and an 
a 6 0(G, T) as in assumption ®. Choose any lift (t of cr to F^. By assumptions dS]) and db]), we 
can find are GdXiK^K^fK) such that for any lift f of t to F/^, 

(16) <p{Td-) has non-zero g_Q,-component; and 

(17) has non-zero I^-component. 

To be precise, p(f) acts trivially on p(g^)(l), so 

(p{f&) = 0(f) -I- = </’(^) + <P{d-), 

and likewise 0(f(f) = 0'(f) -i- 0((f). Whatever <p{d-) and if/ia) may be, we can, by hypotheses dS]) 
and dH), then find r 6 GdXiK^K^fK) satisfying the conditions in equations dlH) and (fTTI) . 

Finally, by the Cebotarev density theorem, applied to the Galois extension F{p)K^K^ijlF^ we 
can find a positive density set of primes w of F at which p is unramified and such that = f(f in 
Ga\(F(p)K^K^IF). Note that by construction p(f) belongs to Zcik) (it acts trivially in the adjoint 
representation) and x(f) = 1. Thus fd- satisfies the same hypothesis db]) that cr was assumed to 
satisfy, and plr^^ is therefore of Ramakrishna type. The lemma now follows from the explicit 
description (Lemma l4.1 II) of cocycles in and □ 

6 . The case p(F f) D G^(F^) 

In this section, under the most generous assumptions on the image of p, we show that all the 
hypotheses of Proposition 15.21 can be satisfied (except possibly the existence of suitable local de¬ 
formation conditions at places in If). For simplicity, we will assume the derived group of G is 
almost-simple. There is no essential difficulty in passing to the general semi-simple case, but this 
way we save ourselves a little bookkeeping. As always, let h denote the Coxeter number of G. For 
any extension k' of we introduce the notation 

G>') = im(G^W^G,(F)), 

where G®‘^ ^ G^ dnotes the simply connected cover of G^ (i.e., the simply-connected Chevalley 
group of the appropriate type). We then assume throughout this subsection that for some sub¬ 
extension k D F D Ff, 

(18) G"{k')Qp{Tp)QZG{k)-G{k'). 

Note that Gf^{k') is then normal in p(F p). 

Example 6.1. The template for the assumption dH]) is the following theorem of Ribet (building 
on ideas of Serre and Swinnerton-Dyer) about the images of Galois representations associated to 
holomorphic modular forms: 

Theorem 6.2 (Theorem 3.1 of HRibSSH l. If f is a new eigenform in SkfF\{N)), with field of coeffi¬ 
cients Ef (with ring of integers Of), then for almost all A, there is a subfield k'^ c Of^fA = k^ such 
that the associated mod A Galois representation ff^: Fq ^ GL 2 {kf) has, after suitable conjuga¬ 
tion, image containing SL 2 (k^) as a normal subgroup. 

An elementary (Hilbert Theorem 90) argument shows that the normalizer of SL 2 (k^) in GL 2 {kf) 
is kj • GL 2 (k^), so the condition (fTSl) is indeed a natural one to impose. 

and are Galois over F because (p and 0 are cocycles for T f . 
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More generally, if p(Tf) eontains Gfj(k') as a normal subgroup, then the obstruetion to having 
p(r f) eontained in Zcik) ■ G{k') is an element of H^{Gdi\{klk'), Zcik)). This group vanishes if Zg is 
a split torus, but not in general. We will not require Zg to be a torus, but the reader should keep in 
mind that the plausibility of hypothesis (fTSl) may depend on sueh an assumption. Note that every 
G ean be enlarged to a group G with Z^ a split torus and = G‘*®h 
For eonvenienee, we reeall the assumptions on -k: 

Assumption 6.3. As always (see we assume ^ > 2 is a ‘very good prime’ for G. Additionally, 
we require i to be greater than the maximum value of (cr^, 6), where 6 denotes the highest root of 
G and ranges over simple eoroots of G; but this eondition is satisfied for all C > 3 (eheeking 
eaeh simple type), so it in faet is no further eonstraint. We deduee that the adjoint representation 
is not only irredueible as an algebraie representation (as ensured by k being very good), but also 
irredueible as k[Gp(F^)]-module ( IlStefiSi Theorem 43, pg 230]). Note also the following: 

• The index of Gj(k') in G^{k) is prime to k. 

• Gfi{k') is equal to its eommutator subgroup whenever ^ > 3 or whenever k = 3 and G is 
not of type Ai, by nSte 68 [ Lemma 32']. We omit the (easy) modifieations needed for our 
arguments in type Ai, sinee this ease has of eourse already been treated by Ramakrishna. 

First note that eondition ([T]) of ^ that = h^(rf,p(Q^)(l)) = 0, is satisfied, sinee 

piQfk) and p(gp)(l) are irredueible F^--representations under the assumptions on the image of p and 
on k. In partieular, Defp is representable. We now state the main result of this seetion, whieh, note, 
ineorporates strietly stronger assumptions on k than those of Assumption [6]3] 

Theorem 6.4. Let F be a totally real field with {Fipfi : F] = k - I, and let p: F/zx ^ G{k) be a 
continuous representation satisfying the following conditions: 

(1) There is a subfield k' <zk such that 

Gj(k')cp(rf)cZG(k)-G(k'). 

(2) k - 1 is greater than the maximum of 8 • #Zq^ and 

{ (h - l)#ZGy ifUZcf is even; or 
{2h - 2 )#Zg- //■#Zg- is odd. 

(3) p is odd, i.e. for all complex conjugations Cy, Ad(p(Cv)) is a split Cartan involution ofG. 

(4) For all places v 6 2 not dividing k ■ oo, p|r^^ satisfies a liftable local deformation condition 
Vv with tangent space of dimension h^(Y F,,p{o,fik) (eg, the conditions of M.3\ or M.4\i . 

(5) For all places v\k, plr^^ is ordinary in the sense of M.h satisfying the conditions (REG) and 
(REG*). 

Then there exists a finite set of primes Q disjoint from S, and a lift 

G(0) 

p / ^ 

y' 

y 

Tpiug — ^G(k) 

such that p is type Vv at all v e'Ll taking Vv to be an appropriate ordinary condition at v\k) and of 
Ramakrishna type at all v e Q. In particular p admits a characteristic zero lift that is geometric in 
the sense of Fontaine-Mazur. 
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Remark 6.5. • Although not strictly necessary for the statement of the theorem, it is essential 

to note that the oddness hypothesis on p will never be met unless -1 belongs to the Weyl 
group of G. 

• We have made no attempt to optimize the hypotheses on sharper results ean be extraeted 
by examining the proof below, and still sharper results ean be obtained by minor variations 
on the argument and ease-by-ease analysis. For example, taking G = GSp 2 „, a version of 
this theorem was established in UPatObl with somewhat tighter bounds on £. 

Proof. The proof of this theorem will oeeupy the rest of this seetion. Conditions O-® of ^ 
follow immediately from the hypotheses of the theorem. 

We proeeed to the eondition dH) of ® namely that 

H\G2i\{KIF),p{Q,)) = 0. 

Reeall that K = 

Lemma 6.6. Under assumptions ([7]) and (|2]) of Theorem 1(5.41 H^{Gdl{KI F),p{Qf)) = 0. 

If we further assume that F{^f) is not contained in F{p{Qf)), then //^(Gal(^/F),p(g^)(l)) = 0 as 
well. 

Proof. Repeated inflation-restrietion arguments, using that \ZQ{k)G{k') : G^(C)] and \_F{^f) : F] 
are eoprime to 7, reduee the desired vanishing to the assertion that H^{Gi^{k'),Q^{k')) = 0. Ir- 
redueibility of lets us apply iCPS75l Corollary 2.9], and by IICPS75[ Proposition 3.3] our as¬ 
sumptions on £ (in partieular, £> 9) imply there are no non-trivial ‘Galois equivalenees’ between 
roots; then the output of [ICPS75[ Corollary 2.9] is preeisely that H^{G^^{k'), Q^{k')) = 0. Another 
inflation-restrietion argument (reealling Assumption 16.3!) implies that //^(G^(C), g^(C)) = 0 as 
well. 

For the seeond point, let H = Tpipisii.)) = rF(p(gp(i))- Note that F(p(g^)(l)) d F(p(g^),pf), 

and we elaim that equality in faet holds. H' aets on p(g^) as sealar multiplieation by the eharaeter 
but no element of G ean aet by a non-trivial sealar in the adjoint representation. Thus, H' aets 
trivially both on pCg^) and on pi, so F(p(Qf)(l)) = F{p{(^f),pf). To eonelude, sinee HH'/H' = 
HUH n H') has order prime to £ we get an (inflation) isomorphism 

H\YplHH',p{Q,){lf) ^ H\YplH'rp{Q,){l)) = //'(GaOTF),p(g^)(l)). 

These groups are elearly zero onee 1<\h + 1 (i.e. F{ft) is not eontained in F’(p(gp))), sinee H aets 
onp(g^)(l) via^. □ 

In light of Lemma 16.6[ we would like to understand the interseetion Fiff) n F’(p(gp)); this will 
also prove important in satisfying eondition ® of ^ Note that there is a sandwieh 

Gj(k')/(Gj(C) nZG(C)) c P(p(Ff)) c G(k')IZo(k'\ 

where P (p(F p)) denotes the ‘projeetive image’ of p. The maximal abelian quotient of P (p(F p)) = 
Gal(F(p(g^))/F) has order dividing #G(C)/[gJ(C), gJ(C)]Zg(C), henee order dividing (reeall 
Assumption l6.3l) 

#G(k')/(ZG(k')-G"(k')). 

This latter group in turn has order dividing 

#HfY,,,ZG^;)\#ZG-. 
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Let L be the abelian extension F{p.e) n F(p(g^)) of F, so that p{Ti) eontains the commutators 
[p(rf),p(rF)] D (k'). By the preceding calculation, [L : F] divides #Zgsc, so as long as [F(jut) : 
F] exceeds #Zgss F(pi) cannot be contained in F(p(g^)); condition dH) of ^therefore follows from 
the hypotheses of Theorem 16.41 

We now treat condition ® of ^ We claim that there is a regular semisimple element x 6 
P{Tl) n contained in a torus T of G, and a simple root a of T, such that a(x) lies in 

Ga\(F(pe)IL) when we identify Ga\(F(jU{)IF) F^. Once we have found such an x, we will be 
able to satisfy the condition ® of §|5l The sharpest version of the following lemma would require a 
case-by-case analysis in the Dynkin classificaton. Since we have no particular need to optimize the 
set of allowable £, we content ourselves with a crude bound that works for any group; moreover, 
the argument in the present form will be reused in C/I 

Lemma 6.7. Retain the hypotheses of Theorem 1(5.41 Then we can satisfy condition ® o/O 
Proof. By assumption, Ga\{F{pf) IF) is cyclic of order £- 1, and we have just seen that the subgroup 

#Z^sc 

Ga\{F{pc)IF) contains all #ZGsc-powers in F^. For any generator g of F^, let t be either g^~ or 
depending on whether #Zq<^ is even or odd. The element x = Ip^it) belongs to Gj(Ff), hence 
to //(Tl); it is regular since for all positive roots a, a{x) = maximum height of a root 

h h - 1, and none of f-, t^,. ■t^^~^ equals 1, by our assumption on i. Finally, note that for any 
simple root a, a{x) = f belongs to Ga\{F{pi)IL). Thus, for some r 6 F^, p(t) = x, and we can 
find cr e Ga\{K/L) such that 

f 1-^ '^lF(p(g^)) s Gal(F(p(gp))/L), 
cr a(x) = t^ e GdX{F{pi)IL). 

We will now take any lift (t of cr to F^, and any simple root or, to satisfy the first part of condition 
© of ^ For the rest, observe that since and are both Galois over F itself, k[0(F/f)] and 
^[<A(rA:)] are in fact k[Ff]-submodules of p(g^); by irreducibility, they both must equal the whole 
g^. For our chosen a, and any choice of simple root a, all of condition ® is then satisfied. □ 

Finally, we handle condition ©; again, our goal has not been to find sharp bounds on £, but to 
find a simple, uniform argument. 

Lemma 6.8. Retain the hypotheses ofTheorem \6.4\ Then we can satisfy condition (Ej) o/O 
Proof We must show that Kp, and Kp, are linearly disjoint over K. Let 

A: Rep^(Ff) ^ Repp^(Ff) 

denote the forgetful functor. If V is any irreducible k[Fp]-module, and if W is an irreducible 
Ff[Fp]-submodule of A(y), then for some integer r, A(y) = W®'' (by adjunction), and then neces¬ 
sarily A(y(l)) = ly(l)®''. Taking V = p(g^), if the common Ff[Fp]-subquotient Ga\{Kp, n Kp,IK) of 
A(p(g^)) and A(p(g^)(l)) were non-trivial, then we could conclude that A(p(g^)) and A(p(g^)(l)) 
were isomorphic. It therefore suffices to produce an element of Ff that acts with different eigen¬ 
values in these two representations (over F^). Let a be a root of G with respect to a split maximal 
torus over F^, and consider an element x = a^'ic) for some c G F^ such that 6 Gal{F(jj()/L); as 
in the proof of Lemma 16. 7 [ we can find cr 6 F^ such that p(cr) e x • Zcik) and ^(cr) = c^. For all 
roots P of G, |(cr'',;S)| < 3, so for cr to act with different eigenvalues on A(p(g^)) and A(p(gp)(l)), it 
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suffices for the order of c to be greater than 8 . We ean arrange this all with c = for a generator 
g of F^, as long as ^ > 1 + 8 • #Zg^‘:. □ 

The hypotheses of Theorem [6]4] therefore enable us to satisfy eonditions Q-® of ^ so we ean 
invoke Proposition 15.21 to complete the proof of Theorem l6.4[ □ 


7. The principal SL 2 

7.1. Another lifting theorem. The aim of this seetion is to show that the axiomatized argument 
of ^continues to apply when p is of the form 

Yf ^ GL2(k) 4 G{k) 

where cp is (an extension to GL 2 of) the principal homomorphism (p: SL 2 ^ G. For background on 
the prineipal SL 2 , we can do no better than refer to the lueid expositions of [|Gro97ll and IISer96ll . 
but here we will recall what is necessary to fix our notation. We begin by reealling the situation in 
eharaeteristie zero ( [|Ser96i §2.3]). Fix a Borel B eontaining a (split) maximal torus T of G, with 
eorresponding base A of the root system, and also fix a pinning 

[Ua ■ Ga ^ YIc[\aeh.t 


here Ua is of eourse the root subgroup in B eorresponding to a. Setting = dua{l) for all a e A, 
we obtain a prineipal (regular) nilpotent element 

aeA 


X ean be extended to an 5 l 2 -triple (A, //, Y) inside g as follows. For eaeh a, let Ha be the eoroot vee- 
tor eorresponding to a (i.e. Ha = da^{\)), and define Ya 6 g_Q, (uniquely) by requiring {Xa, Ha, Ya) 
to be an 5 I 2 -triple. Then define 


(19) 

( 20 ) 


H = Y^Ha = YjCaHa 

q;> 0 asA 

q-eA 


here the Ca are integers determined by the first equation. The resulting homomorphism 5 I 2 ^ g 
then uniquely lifts to a homomorphism 


ip\ SL 2 ^ G, 


ealled the prineipal SL 2 . By eonstruetion, = 2p^{t), so for any G we ean extend 1 /? to a 

homomorphism 

SL 2 X Gm pxid G X Gm 


( 21 ) 


cp: GL2 


((-1,-1)) (( 2 pv(-i),-l))- 
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Denote by Gi the enlarged target groupO so we have a principal homomorphism ^: GL 2 ^ Gi; 
of course, the derived group of Gi is still G^. Note that the cocharacter of G“‘^ lifts to Gil3 and 
if G is any group for which the co-character of G“‘* lifts to a co-character of G, 0 then we 

can extend the principal SL 2 to a principal GL 2 by setting ^ j = p^iz). 

The upshot is that for the remainder of this section, we will assume that the co-character p^ of 
G^^^ lifts to G; we have seen that any G can be embedded in a group with this property, without 
changing the derived group. We fix such a lift of p^ as well as the corresponding principal GL 2 

GL 2 ^ G. 

A crucial piece of structure theory for us will be the decomposition, due to Kostant (see [|Gro97[ 
Proposition 5.2]), of as 5l2-module. Let P be the centralizer of X. The action of H on g^ 
preserves P, so there is a grading by //-eigenvalues 

P ~ ®m>0^2m5 

that the eigenvalues are even integers follows from standard 5l2-theory. More precisely, Kostant 
showed: 


Proposition 7.1 ( [|Kos59ll ). The centralizer P is an abelian subalgebra ofQ^ of dimension equal to 
the rank of Letting GL 2 act on g^ via tp, there is an isomorphism of GL 2 -representations 




= Sym^'”(fc^) (g) det (g /’ 2 m, 


m>0 


and P 2 m is non-zero if and only ifm is an exponent ofG. In particular, the maximal such mis h- 1. 


Now, the whole theory of the principal SL 2 works /-integrally for / >> 0: 

Lemma 7.2 (§2.4 of [|Ser96ll ). If £ > h, the homomorphism tp: SL 2 ^ G is defined over the 
localization Z(/). 

Lemma 7.3. If £ >2h - then the decomposition of Proposition 1 7. / 1 continues to hold over Z(/). 

Proof Let S denote the (diagonal) torus of SL 2 , and write X*{S) = Z;^. Then the highest weight 
of S acting on g^ is 2h - 2 (/z - 1 is the height of the highest root), so [|Ser94b[ §2.2, Proposition 
2] implies that g^ is semi-simple for £ > 2h - 1; [|Ser94bl §2.2 Remarque] moreover implies 
the decomposition of g^ is characteristic £ is just the reduction of the usual decomposition in 
characteristic zero. □ 


We now come to the main result of this section; note that, again, the bounds on £ in the follow¬ 
ing result can be somewhat sharpened, but I don’t believe in a way that would justify the added 
complexity. The argument applies uniformly to all G whose Weyl group contains -1, until the final 
step, the group-theoretic Lemma 1731 which we have checked only for the exceptional groups. 

* ^We remark that this enlargement of G is frequently technically convenient: for instance, it is the Tannakian group 
appearing when one studies the ‘geometric’ Satake correspondence over finite fields or number fields. 

'^Namely, for the torus Ti = (T x Gm)/(2p''(-l), -1), 

(p\^)eX.(Ti)®zQ, 

where p denotes a generator of X.iG,,,), in fact defines an element of X,{T\). 

^^This lift is of course not unique; for any choice, 2p^ differs from 2p^, the usual co-character of by an 
element of X.iZc). 
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Theorem 7.4. Let G be a connected reductive group to which p'^ lifts and whose adjoint form is 
simple of type G 2 , F 4 , Ey, or Eg (in particular, -1 6 Wg), and let € be a rational prime greater 
than Ah — 1. In type Eg, also exclude i = 229,269,361. Let F be a totally real field for which 
: F] = € - I, and let f: Yp GEyCA:) be a continuous representation. Let p be the 
composite 


p 



G{k). 


Assume that r satisfies: 

(1) For some subfield k' c k, 


SL 2 ik') c rCEf) c k^ • GEyC^t'); 


(2) r is odd; 

(3) for each v\i, f|r^^ is ordinary, satisfying 


I/Fv 


'Ai,v 

0 


* 

3t2,v 


where {xi,vlX 2 ,v) 1/^,, = 'k'' for an integer r^ > 2 such that € > rfih - 1) + 1; 

(4) for all primes v j b at which f is ramified, we can find liftable local deformation conditions 
Tv for p such that dimLy = h^(r F^,p{Qp)). 

Then there exists a lift 

G{0) 

/ 

Yp —% G{k) 


such that p is of type at all primes v at which pf^,^ is ramified. 

Proof. We proceed one by one through the conditions O-® of ^ 

Condition © demands that H^(Yp,piQp)) and H^{Yp,p{Qp)(l)) are both zero; the former vanish¬ 
ing moreover implies that Defp is representable. By Eemma ITJl we have to check that, for all m 
such that P 2 m 4 0, 

H°{Yp, (Sym^'" (g)def"’)(f)) = 0 

and 

//°(rf,(Sym^'”®der'”)(r)(l)) = 0. 

This is obvious, since for £ > 2h - I, all such Sym^'”(k^) are irreducible k[SE 2 (k')]-modules. 

Next we check that p is odd, i.e. that condition ® of ^is satisfied. Since we have assumed f is 

odd, p(Cv) is conjugate to 1 , 0 1 ^ ^ j for all v|oo. We have already noted (Eemma 14.191) thatp'^(-l) 

is a split Cartan involution of g^, since -1 6 Wq, so p is odd. 

Next we treat item @ of ® the cohomological vanishing result. To begin, we record the 
following elementary lemma in group cohomology, which follows (just as in Eemma [6® from 
HCPS751 2.9. 3.31: 


Lemma 7.5. Assume #k' 4- {3,5,9}. Fix an integer r < £. Then HfSL 2 (k'), Sym'‘(A:^)) = 0. 

29 















Again applying Kostant’s result ('Lemma 1731) . we deduee from Lemma 1731 that 


H\SL2{n<p(Q,)) = = 0 . 


By repeated inflation-restrietion as in Lemma [631 it follows easily that (reeall K = F(p(g^),/i3) 

H\Gal(K/F),p(Q,)) = 0. 

Also by the argument of Lemma 1331 we deduee that //^(Gal(^/F),p(g^)(l)) = 0, as long as 
k\h L here as before we let H = rf(p(g^)) = rf(j=( 5 i 2 )). But now the diseussion after Lemma [631 
(using the group GL 2 instead of G) applies, and we see that to ensure kIh 9^= 1 it suffiees to take 
: F] > 2. 

We will next eonstruet an element cr e Yp sueh that p{cr) is regular semi-simple and satisfies 
aipicr)) = k(cr) for any simple root a (of the unique maximal torus eontaining p(cr)), arguing just 
as in Lemma l677[ First note that FipiQ^^)) = F(a<ff), and that the assumption r(Yf) D SL 2 (k') 

implies [F(ad° r) n F(^f) : F] <2. For all a 6 F^, ^ j = 2p'^{a) e p(F p), and this element is 

regular if and only if for all positive roots a, 4^ 1. Now, {2p'^, a) is equal to twiee the height 

of the root a; its maximum value is 2h - 2, so eonsider any element a 6 with order greater than 
2h - 2. Set L = Fip.() n F(ad° r), so that r(Fz,) eontains the eommutators of r(Ff), henee eontains 

SL 2 (F^). Let cr 6 F/, be an element mapping to x = j, so that p(cr) is regular semi-simple. 

For any simple root a, a{p{a)) = to ensure that we ean arrange this to equal k{(t), we need 

6 Gal(F(4'3/L) c F^. 


But Gal(F(^^/L) has index at most two in Gal(F(^^)/F’) ^ F^, henee eontains all squares. 

K 

We will use the cr just eonstrueted to satisfy eondition ([6[) of §[5[ Reeall that we are given non¬ 
zero elasses (p e Hp^^{Tpx,p{Qp){l)) and ijj e H^iYpj_,p{o,^)), and that we have a maximal torus 
T eontaining p(cr). We will find a simple root a sueh that k\if/(YK)\ has non-zero Iq, eomponent, 
and A:[0(F/f)] has nonzero g_Q, eomponent. This suffiees to establish eondition ([^, sinee the regular 
semi-simple element p(cr) eonstrueted above satisfies a(p{cr)) = k(cr) for any simple root a. We 
again appeal to Kostant’s result; sinee klipiYjc)] (respeetively, k[(/'(F/(:)]) is a k[Ff]-submodule of 
p{Qp) (respeetively, p(g^)(l)), we know that eaeh eontains one of the summands Sym^'"(k^) under 
the aetion of our prineipal 5 I 2 on g^. We will use this faet to eonstruet the desired a. An analogue 
of the following lemma surely holds for any simple type, but I do not have a satisfaetory general 
argument. It is easy to eheek for any partieular group by explieit eomputation, and we do this here 
for the exeeptional types (the ease of Ee is reeorded here for later use: see Theorem 1 10.41) . 


Lemma 7.6. Let gbe a simple Lie algebra of type G 2 , F 4 , Ey, or Eg equipped with a principal ho¬ 
momorphism tp: 5 I 2 ^ g. Let m be an exponent of % so that there is a unique summand Sym^'”(k^) 
ofQfj when regarded as 5l2-representation. This summand Sym^'”(k^) contains a unique line inside 
®ae^%-a, ^nd the projection of this line to each (negative) simple root space g_Q, is non-zero except 
in the following cases: 

• type G 2 : { 6 {2,3,5}; 

• type E 4 .- b 6 (2,3,5,7,11}; 

• type Ey.- i 6 (2,3,5,7,11,13,17,19,31,37,53}; 

• type Eg.- b 6 (2,3,5,7,11,13,17,19,23,29,61,67,71,97,103,109,229,269,397}; 
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Now asume g is of type Ee. Ifmi^ 4, 8 , then the line inside ©^eAg-a of the summand 
has non-zero projection to each g_Q, except when € 6 {2,3,5,7,11}. For m 6 {4, 8 }, there is a simple 
root a I such that this projection is non-zero in Q-ai, and for all exponents n of % the projection of 
t n Sym^”(fc^) c g to \ai is non-zero, again except when € G {2,3,5,7,11} f in fact, any simple root 
not fixed by the outer automorphism o/Eg works here). 


Proof. We describe the algorithm for checking this; it is especially easy to implement using any 
computational software that has built-in Chevalley bases for the simple Lie algebras, eg GAP or 
Magma. I carried the calculation out in Magma, so I have noted in what follows how Magma 
normalizes some indexing, etc. 

(1) Let I be the rank of G. Construct a simple Lie algebra of type G with a Chevalley basis 

{x[i],y[j],h[k]} 


for a suitable bijection ^ {1, ..., making x[/(Qr)] a basis of g^; arrange this 

bijection so that /(A) = {1,..., /}0 Conventions for Chevalley bases are not universal; 
Magma’s bracket relations include 

[y[f(a)],x[f(a)]] = a'' 


(not -a'^) and 

[x[fia)],h] = a{h)x[f(a)] 

for all h e t, the Cartan sub-algebra spanned by the h[k]. The elements h[k] are not the 
coroots but rather are the dual basis: 


[x[ilh[j]] = 6ijX[i] 

for all 1 < i, j < 1. Since £ is very good for G, these span the same k-subspace as the coroot 
vectors. 

(2) Then we define elements 

• A = regular unipotent); 

• H = 21®;' [yUl xii]] = 2p\ so that [A, H] = 2A; 

• Y = Y!i=i e[*] ■ >'[*] where the c[z] are the^propriate structure constants to make 
{A, H, 7} an 5l2-triple in the following senseEJ [A, H] = 2A, [7, H] = -27, [7, A] = H. 
In terms of a Chevalley basis (e, /, h) of 5 I 2 , satisfying [e, h] = e, [/, h] = -/, [/, e] = 
2h, we then get a principal 5 I 2 (defined over Z[2]) 

5 I 2 ^ g 

h^- 

2 

X 1 -^ A 
y 7. 


'^Magma automatically does this when it produces a Chevalley basis. 

'^The c[/] can be found in the tables of IIBou68l . Within Magma, they can be derived, for our Lie algebra g, by 
computing rd := RootDatum(g), then A := SimpleCoroots(rd) (an / x I matrix), then by forming a vector c whose 
entries are twice the sum of the rows of ; the i'* entry of c is the desired c[i]. But we double-check in each case the 
bracket properties for X, Y, H, so how the c[/] are arrived at no longer matter. 
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(3) Compute the eentralizer P of the element X in g, i.e. find a basis in terms of the Chevalley 
basis. 

(4) H preserves P, aeting semi-simply, so replaee the above basis of P with a basis of Pl- 
eigenveetorsl3 Let us eall this eigen-basis p[l],... ,p[Z], ordered so that when we write 
nil < m 2 <■■■< mi for the exponents of g, 

[p[i],H] = 2mip[i] 


for i = 1,..., Z (we remark that p[l] = X). 

(5) We then simply eompute the Lie braekets, for eaeh Z = 1,..., Z, 


ad(yy”'"i(p[z])6 0! 


asA 


in eaeh ease we get some Z-linear eombination of y[l],... ,y[Z], and we reeord (as the 
exeeptional eases) all primes £ dividing one of these eoeffieients. 

The above argument in type Ee fails for all primes £ (i.e. in eharaeteristie zero, one of the integers 
reeorded in the previous sentenee is zero), but we ean replaee it with a simple variant. The expo¬ 
nents of Ee are {1,4,5,7,8,11}, and the above argument works exeept for the exponents m 2 = 4 
and mj = 8; that is, for i 6 (1,3,4,6), ad(T)'”'^^(p[Z]) has non-zero projeetion to every g_Q,, exeept 
in eharaeteristies £ 6 (2,3,5,7,11}. Eor m 2 = 4 and m^ = 8, ad(T)™'^'(p[Z]) has non-zero projee- 
tion to the g_Q._ root spaee for i 6 (1,3,5, 6}0 at least if £ i (2,3,5,7,11}. We then show that for 
any exponent mj, the simple root a\ is non-vanishing on the line 

t n Sym^'”^ (k^) c g. 

That is, the Cj eomponent of this summand is non-zero, while Sym^'”'}^:^) has non-zero g-a, eom- 
ponent for Z = 2,5. To do this eheek, we eompute the Zz[l]-eomponent of 


ad(y)“^(p[7]). 


and again reeord the rational primes dividing the output. 


□ 


Conclusion of the proof of Theorem W^ We ean therefore satisfy eondition ® with any simple 
root a for whieh a (t n k[il/(TK)]) P 0 (there is always at least one sueh a, sinee this interseetion is 
non-zero; in faet, further ealeulation shows that any simple a will work). 

To eomplete the proof of the theorem, we address eondition (|5]) of ^ that is, we must show 
that for non-zero Selmer elasses (p and if/, the fixed fields and are linearly disjoint over 
K. As before (Lemma lOl) . we must rule out the possibility that p(g^) and p(g^)(l) have a eom- 
mon Ff[rf {-subquotient. By Lemma 1731 (and in partieular semi-simplieity), it suffiees to show 
that, for all pairs of integers m and n sueh that /’ 2 m and P 2 n are non-zero, (Sym^"* (g) det“'”)(f) and 
(Sym^” (g)det“")(r)(l) have no eommon Ff[rf {-submodule. Reeall that sinee £ > 2h - I these are 
irredueible k[r;7{-modules. For any two irredueible k[r^{-modulues Vi and V 2 sueh that A(yi) and 
A(y 2 ) have a eommon sub-quotient, there is some i e Gal(A:/F;) sueh that Vi ®k,L k is isomorphie 
to y20 Applying this observation to yj = (Sym^™ (» der™)(r) and y 2 = (Sym^" ® det-”)(r)(l), we 
are elearly done unless m = n. Then, by an earlier argument in the present proof, for any a 6 F^ 


*^In Magma, when you call P Centraliser(g,X) and then ExtendBasis(P, g), it hands you a basis of g, in terms 
of the Chevalley basis, whose first I entries are a basis of P, and in fact already an //-eigenbasis. 

'^Intrinsically, a 2 and a 4 are those fixed under the outer automorphism of E^. Our labeling convention is /(a,) = i, 
where x[l],..., x[6] is the ordered set of simple roots produced by Magma. 

1 R 

Note that A is right-adjoint to ^nd k ®Ft k is isomorphic to {”[, k by the map x ® y (t(x)y),. 
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we can find a cr e such that r(cr) = |^ j and K{cr) = a^. It therefore suffices to ensure that 

the (multi-)sets of eigenvalues {a^‘}ie[-m,m] and are not the same (a e implies t has 

no effect on the eigenvalues in question). Since m is at most h- I, taking a to be a generator of 
and £ to be greater than Ah - I guarantees this distinctness. □ 

We now record some further properties of the lifts produced by Theorem 17.4[ These will be 
used in our application to the construction of geometric Galois representations with exceptional 
monodromy groups. 

Lemma 7.7. Let F be a number field, let G be a Chevalley group, and let p = ip o f for some 
representation GL 2 (k) with image as in Theorem 17.41 Suppose there exists a lift p of 

p to G(0) (as in Theorem \7.4\ for instance). Then the algebraic monodromy group Gp c Ge is 
reductive (recall E = FracC)). 

Proof We may assume G is of adjoint type. Let c G° be the unipotent radical of Gp. We aim 
to show Ru is trivial. The sequence of £’[rf]-stable Lie algebras Lie(7?„) c Lie(Gp) c can be 
intersected with g^ to give a sequence of G[r^]-modules 

Lie(7?„) n go c Lie(Gp) n go c go 

where each of the inclusions has torsion-free cokemel. Reducing to k, we get a corresponding 
sequence, still inclusions, of k[rF]-modules 

(Lie(R„) n go) <S)o k c (Lie(Gp) n go) Oo k c g. 

Recall that g decomposes into irreducible constituents, as 5l2-module and hence as k[rf]-module, 
as ©m>o Sym^'”(k^) ® P 2 m- In particular, any of these summands, and hence any ^[rf]-submodule, 
contains a non-zero semi-simple element of g, coming from the weight zero component, i.e. the 
centralizer of the regular element FI. We conclude that (Lie(R„) n go) <S»o k, and therefore itself, 
must be trivial, since a nilpotent Lie algebra contains no non-zero semi-simple elements. □ 

Lemma 7.8. Let F be a number field, let G be an exceptional group, and suppose that p: Tf ^ 
G(0) is a continuous representation such that 

(1) Gp is reductive; 

(2) Gp contains a regular unipotent element ofG; 

(3) for some v\€, p ^^ : T//^ ^ B(0) is ordinary, factoring through a Borel subgroup B ofG, and 
for some (anyp maximal torus T <z B, and all simple roots a 6 A(B, T), the composites 
a o p\i^^ have the form for distinct integers r^,. 

Then Gp □ G^^\ 

Proof. We may assume G is adjoint, so our task is to show Gp = G. The essential input is a result of 
Dynkin (see IISS971 Theorem A]) establishing that any Gp satisfying the first two conditions of the 
lemma must be either a principal PGL 2 or an embedded F 4 = Gp Eg = G containing a principal 
PGL 2 . Assume first that G is not of type Eg. Then it suffices for the integers Ca, a 6 A(fi, T), not 
all to be equal to conclude Gp <t PGE 2 , hence Gp = G. 

Now take G to be of type Eg. The argument is essentially the same as above, but we make it 
more precise. By [|Sei91[ Theorem 1], all embeddings E 4 Eg are related by Aut(Eg). One such 
E 4 can be constructed by fixing a pinning, denoting by r 6 Aut(Eg) the image of the non-trivial 

*^The set {ra}aeh{B,T) does not depend on the choice of T. 
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element of OutCEg) under the assoeiated seetion OutCEe) ^ AutCEe), and setting E 4 = (Ee)’’"^ It 
follows that all embeddings E 4 Eg are Eg-eonjugate to this one, and all have the form (Eg)’’ "' 
for some involution t' of Eg indueing its non-trivial outer automorphism. 

Eet us suppose, then, that our p\Yp^ Eg(C)) (whieh from now on we regard as Erae(C)), 
or even Q^-valued) faetors through (Eg)’’"' = E 4 for some sueh involution r. In partieular, p|r^^ 
faetors through B n (Eg)’’"'. Eor all Borel subgroups B' of G, the eharaeter groups Hom(B',Gm) 
are canonically identified: this assertion eombines the eonjugaey of Borel subgroups with the faet 
that they are their own normalizers. Eor emphasis, denote by S* this eanonieally-defined group. 
In partieular, pre-eomposition with t defines an automorphism of IB*. Regarding A{B,T) as a 
subset of S*, T-invarianee of p immediately implies that Va = r^^a) for all a 6 A(B, T) <z S*. This 
eontradiets the faet that r is a non-trivial outer automorphism, sinee we have assumed the Tq, are all 
distinet. 

□ 


8. Exceptional monodromy groups: the case -1 ^ Wc 

Having shown that the monodromy groups Gp produced by Theorem l7.4l are reductive, we would 
like to arrange that they contain the principal SE 2 of G, i.e. that they contain a regular unipotent 
element of G. I do not know if this is automatic for all p produced by Theorem 17.41 but the 
following beautiful result of Serre recommends caution: 

Example 8.1 (Theorem 1 of [|Ser96ll ). Eet G be a Chevalley group of adjoint type, with, as always, 
Coxeter number h, and let 7’ be a prime number. Eet K be any algebraically closed field (eg, 
K = Q,). 

(1) If 7 = h + I, then there exists an embedding PGE 2 (F^) G{K), except when h = 2 and 
char(^) = 2 . 

(2) If 7 = 2fi -I- I, then there additionally exists an embedding PSE 2 (F^) G{K). 

There is a pleasant parallel with the techniques of the present paper: the idea of Serre’s argument 
is to begin with K of characteristic 7 and the principal PGE 2 (F^) G{K) (for any 7 > h), and 
then to try to deform this homomorphism to characteristic zero. This follows from a simple and 
satisfying group cohomology calculation for 7 = -l- 1, but is rather trickier for £ = 2h + 1. □ 

Our first task, then, is to circumvent examples of this sort. 

8.1. Non-splitness of residual Galois representations of Steinberg type. In this subsection we 
explain how to choose our r and our deformation problem for p = ipofio guarantee that Gp contains 
a principal SE 2 . The basic idea is to choose f having an auxiliary prime v -f 7 of ramification ‘of 
Steinberg type,’ and then to use the local condition of §14.31 The subtlety is that we will need (in 
order to get non-trivial unipotent elements in the image) to guarantee that the local lift p|r^^: T//^, ^ 
G{0) is ramified; this is very difficult to force through purely Galois-theoretic argument unless the 
original p|r^^ was itself already ramified 0 

We will therefore consider f arising as the residual Galois representations associated to cus¬ 
pidal automorphic representations n (corresponding to classical holomorphic modular forms) of 

^"Xhere are some elaborate Galois-theoretic means under hypotheses that are in practice too difficult to arrange; if 
the characteristic zero lifts are known to be automorphic, then suitable cases of the Ramanujan conjecture imply this 
non-splitness-this observation should suggest the difficulty of the problem. Current potential automorphy techniques 
would only help with the case G = G2. 
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GL 2 (Aq) such that Up is the twist of a Steinberg representation for some p. Given sueh a n, there 
is a number field E and a strongly eompatible system of /’-adie representations 

r7T,A'- Tq ^ GL2(£'^) 

as A ranges over the finite plaees of E. We will show that for almost all X, is (redueible but) 

indeeomposable. The argument we give will surely also apply in the Hilbert modular easeEH but 
I unfortunately don’t know a referenee for the neeessary modular-lifting theorem in that eontext; 
for our applieation, the ease of Q suffiees. After writing this paper, I learned from Khare that 
this has been proven by Weston in [|Wes04l . Weston attributes the argument to Ribet, perhaps 
unsurprisingly, sinee the teehnique is a variant of the ‘level-lowering’ triek that reduees Fermat’s 
Last Theorem to the Shimura-Taniyama eonjeeture. 

Proposition 8.2 (Proposition 5.3 of HWesOdll ). Let n be as above a cuspidal automorphic represen¬ 
tation corresponding to a holomorphic eigenform of weight at least 2. Assume that for some prime 
p ofQ, Up is isomorphic to the twist of a Steinberg representation o/GL 2 (Qp). Then for almost all 
A, the local Galois representation f;r,/ilrQp has the form 

where the extension * 6 //^(rQp,F^(^)) is non-zero. 

We give two proofs. The first is quite heavy-handed, but shows this proposition is immediate 
from known results. The seeond will apply to Hilbert modular forms as well, but I haven’t found 
the neeessary referenee in the literature to eomplete it, and a full proof would take us unneeessarily 
far afield. 

Eirstproof Sinee any n for whieh some np is Steinberg is non-CM, Ribet’s result (see Theorem 
16. 2 1 above) shows that for almost all A, the image eontains SL 2 (F^), and in partieular r,^j is 

irredueible. Suppose there is an infinite set A of T for whieh r^^Arq,, is split. Then for all A e A, 
the refined level-aspeet of Serre’s eonjeeture (see iEdi97l Theorem 1.12] and the referenees given 
there) yields a euspidal representation n(A) eongruent to n modulo A, of level strietly less than 
that of n, and of weight at most that of n. The number of euspidal automorphie representations 
of bounded weight and level is finite, so infinitely many of these n{A) must in faet be the same 
representation n'. But then n = n' (mod d) for infinitely many A, whieh implies n = n' (by strong 
multiplieity one). Contradietion. □ 

Sketch of second proof Let us now suppose more generally that ; 7 r is a euspidal Hilbert modular 
representation over a totally real field E, and that the arehimedean weights of n all have the same 
parity. By assumption, is (twist of) Steinberg for some plaee v of E. Again Ribet’s result shows 
that for almost all A, the image f) eontains SL 2 (Ff^). For sueh A, it follows that the index of a 
Borel subgroup in is at least £ -\- I, whieh is greater than [E(^f) : F]. Thus, for almost all 

d, is irredueible. Moreover, for almost all A (say A\t), the loeal restrietions rj^Avp^. foi" 

are torsion-erystalline in the Fontaine-Laffaille range. 

Now eonsider a putative infinite set A of d for whieh fj^Avp^ is split; throwing away a finite 
number of d, we may assume the eonelusions of the last paragraph hold for all d 6 A. For 
simplieity (we ean always make a global twist), assume is an unramified twist of Steinberg. For 

^Tn fact, it will even apply to appropriate unitary groups of any rank, using IIBLGGT 14 I . 
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all places w i^v of F d.i which Uw is ramified, let be the inertial type of n„. Then define a global 
deformation ring classifying deformations of that are 

• fixed determinant equal to det(r;r ,i); 

• crystalline of the same weight as n at each w\i of F; 

• type Tw for all ramified primes w i^v for n\ 

• unramified elsewhere. 

We claim that Rp^xij) has a modular characteristic-zero point. This should follow as in [|Kis07bl 
§4.2-4.3] (see also HKisOVal Theorem 3.14] from an appropriate F = T theorem over some well- 
chosen finite extension F' of F. Kisin’s variant of the Taylor-Wiles method reduces this to under¬ 
standing the geometry of local deformation rings, modulo having an appropriate generalization 
of the Skinner-Wiles potential level-lowering arguments t llSWOlll '). which (see the comment in the 
proof of [lKis07a[ Theorem 3.14]) as far as I can tell have only been written down in weight 2. In 
our case, there are no local difficulties, since at w\i we are in the Fontaine-Laffaille range, where 
the torsion-crystalline deformation ring is a power series ring over O^. In any case, given such an 
R = T theorem, the methods of Khare-Wintenberger (see nKis07b[ §4.2]) show Rf,a(t) is a finite 
(9,i-algebra of dimension at least 1, hence that it has a characteristic zero point. Then Kisin’s mod¬ 
ular lifting method would give a cuspidal n(A) with weight and level bounded independently of A, 
and congruent to n modulo A, such that n{A)v is unramified. The argument of the first proof now 
applies, and we deduce a contradiction. □ 

Remark 8.3. For a classical case in which the result of Proposition 18.21 is more explicit, consider 
the compatible system {rE,t]e associated to an elliptic curve over F with multiplicative reduction 
at some place v. Then the ‘Tate parameter’ qE^, 6 F^ associated to Ee, (namely, ^divisibility of 
viqrj) tells exactly when the extensions * are non-split. 

8.2. Application to exceptional monodromy groups. We can now complete the proof of the 
main theorem of this section: 

Theorem 8.4. Let G be an adjoint Chevalley group of type G 2 , F 4 , Ej, or E^. Then for a density 
one set of rational primes t, we can find b-adic represenations 

G{Q_i) 

whose image is Zariski-dense in G. 

Proof. Let / be a (non-CM) weight 3 cuspidal eigenform that is a newform of level Fo(p) n Fi((5r) 
for some primes p and q\ the nebentypus of / is a character (XIpq'LY -» (ZjqZf C^. Such 
/ exist: for instance, there are such / in 53(15) ( [ILMF131 15.3.1a, 15.3.3a]). There is a number 
field E such that for all finite places T of F we have T-adic representations rf x'. Fq ^ GL 2 (F^) 
and semi-simple residual representations 

fpA'- Lq ^ GL2 (F2), 

where we let denote the residue field of F at T. A well-known argument using the Weil bound 
and the Cebotarev density theorem (see [|Gee09[ Lemma 3.2]) implies that for a density one set of 
£, there is some A\€ such that rf^Yq.^ is ordinary. Moreover Proposition 18.21 implies that for all but 
finitely many A, the restriction 

GuIfqp : Tqp ^ GL2 (F2) 
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is reducible but indecomposable. Finally, rf^x{ 
define the composite by 


) has order prime to € for almost all i. We then 



rf.A 


4 GL2(F,) G(F,). 


Throwing out a further finite set of primes £ (those less than Ah, as in Theorem 17.41 note that 
the integer ‘Vy” in the statement of that result is in our case 2, by HWilSSl Theorem 2.1.4]), we 
therefore have a density one set of i, and for each such £ a A\£, such that satisfies the hypotheses 
of Theorem 17.41 at the places p, q, and £ of ramification we take the following local deformation 
conditions: 

• at we use the Steinberg deformation condition of M3] and let B{p) denote the Borel of G 
containing Pi(rQ^); 

• at we take the minimal deformation condition of ^4.41 

• at 7’ we take ordinary deformations as in ^4.11 to be precise, the character pj of Equation (|5]) 

by construction satisfies a o pt\^ = 1< for all a 6 A, and we choose a lift;^^: /q^ ^ 
satisfying a o xt = for positive integers Tq, = 1 (mod 7-1) with not all equal to one 

another. 


In defining these local conditions, if necessary we enlarge the coefficient field F^ and work with 
Cq for an appropriate extension G of VF(F,i). Applying Theorem 1741 we obtain a : Eq ^ G(G) 
that is de Rham and unramified outside a finite set of primes containing p, q, and 7. By Lemma 
17.71 the algebraic monodromy group Gp, is reductive. By Lemmawe will be done as long as 
we can show that Gp^ contains a regular unipotent element of G. 

To see this, we consider the restriction p^Ifq^ • Since is indecomposable, contains 

a regular unipotent element of GL 2 (F 2 ). Lrom the construction ( [|Ser96[ §2.3-2.4]) of the principal 
homomorphism ip, and the elementary regularity criterion UCarSSl Proposition 5.1.3] for a unipo¬ 
tent element, it follows that PAiI%) contains a regular unipotent element of G(F 2 ). Of course k is 
unramified at p, so by definition of the Steinberg deformation condition a o PaUq^) = 1 for all 
a e A, and therefore PaIiq^, is valued in the unipotent radical of B(p). Lor any element g e such 

that pAig) is regular unipotent, we deduce that pA{g) is regular unipotent in G(Lrac(G))I3 □ 

Remark 8.5. (1) The density-one set of the theorem is ‘explicit’ in the sense that, given an 

7, we can check whether the argument of the theorem applies to it: we take our chosen 
modular form and compute its 7'^ Lourier coefficient. 

(2) It is not hard to see that there are infinitely many / for which this argument applies. One 
might ask whether they can somehow be played off of one another to deduce a version of 
the theorem for almost all 7 rather than a density one set. 

(3) We have restricted to the case of adjoint G only for simplicity; as in ^7.1[ it suffices to work 
with a G having a ‘principal GL 2 ,’ i.e. for which p^ makes sense as a co-character. 

9. Deformation theory for L-groups 

In this and the following section we carry out the technical modifications needed to treat the 
case of Eg in Theorem 1 1.2[ We begin here with a brief discussion of Galois deformation theory for 
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Note that if we did not restrict to adjoint G, the above argument would show that pA(g) is a product z ■ u, where 
z& Zc and u is regular unipotent in G; but of course then by Jordan decomposition u e Gp as well. 
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non-connected L-groups. For simplicity we have not sought optimal generality in this diseussion, 
but what we do is more than enough for our purposes. The reader should note that UCHTOSl §2] 
provides a template for this diseussion; those authors work with the L-group of an outer form of 
GL„xGLi. 


9.1. Group theory background. Let'P = (X*,X,,0, A, A^)beabasedrootdatum. By adual 
group for ¥ we will mean a pinned split reduetive group seheme over Z whose assoeiated root 
datum is the dual root datum To be preeise, following [IConl4[ Definition 5.1.1], this eonsists 
of 

(1) a reduetive group over Z; 

(2) a maximal torus of equipped with an isomorphism l: ^ D(A',), where D(«) de¬ 

notes the ‘funetor of eharaeters’ ( HConlTi Appendix B]), and where l satisfies the (eo)root 
eonditions of nConl4[ Definition 5.1.1]; 

(3) for eaeh simple eoroot a'^ 6 A'^, a ehoiee of basis of the free rank one Z-module g^v(Z). 

By [IConl4[ Theorem 7.1.9] the outer automorphism group Out^v is identified with the eonstant 
group seheme of automorphisms Aut('T'') of our based root datum, and the pinning induees a 
splitting 

(22) Aut('P) = AutC'P'') = Outov Autov . 

of the eanonieal projeetion Autov ^ Out^v. In partieular, we ean define the semi-direet produet 
group seheme G^ x Aut('P) over Z. 

Now let F be a field with separable elosure F and as always absolute Galois group T^ = 
Gal(F/F). Let G be a eonneeted reduetive group over F; over F, we fix a Borel and maximal 
torus Tj<z BjC. Gj and define 'P to be the assoeiated based root datum. In the usual way ( [|Bor791 
§ 1]) we obtain a eanonieal homomorphism hq: T^ ^ Aut('P), depending only on the elass of inner 
forms to whieh G belongs. Consider a dual group G^ (the other data being implieit) for 'P. We then 
define the (split form of the) L-group of G by eombining [Xg with the splitting (|22]) : ^G = G^ x F^. 
Thus we have defined a group seheme over Z whose base ehange to an algebraieally elosed field is 
the ‘usual’ L-group of G. 

We now reeall ( nGro97i §2]) that the prineipal SL 2 extends to a homomorphism 

( p : SL2 X F/7 —> ^G. 

To be preeise, as in Lemma 171^ let ^ be a prime greater than or equal to hF, the Coxeter number 
of , so that there is (using the pinning) a prineipal homomorphism tp: SL 2 ^ G^ defined over 
Z(^). Sinee F^ permutes both the elements of A'^ and the eorresponding set of positive eoroots, 
it is easily seen to preserve the 5l2-triple {X,H, Y) in (see S7.ll) . Thus F^ preserves ip, whieh 
eonsequently extends to the desired (p: SL 2 x Ff ^ ^G. 

9.2. Deformation theory. We now eonsider an L-group ^G over Z as in S9.ll For simplieity, 
from now on we assume G is simply-eonneeted, so the dual group G^ is an adjoint Chevalley 
group; this will avoid the need to ‘fix the determinant’ in what follows, and it sufhees for our 
applieation. Moreover, Aut('P) is now finite, and the homomorphism yUc faetors through a faithful 
homomorphism Gal(F/F) ^ Aut('P) for some finite extension F/F. We ean and do replaee ^G 
with the finite form ^G = G^ » Gal(F/F) in all that follows. For simplieity, we will moreover 
assume that G is ehosen so that F is totally imaginary. 
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Let S denote a finite set of finite plaees of F\ we will always assume that S eontains all plaees 
above i and that all elements of Z split mF jF. Let be the maximal extension of F unramified 
outside (plaees above) Z. The extension F^/F is Galois, and we have an inclusion of Galois groups 

= Gal(Fx/F) c Gal(Fj;/F) = Lx. 

Here we have introduced the new notation Lx for the latter group; it is not the same as the group 
Lfx, since F/F may be ramified outside Z. For each v 6 Z, choose a place v of F above v; 
we write Z for the collection of all such v. We fix one member of the F^j^-conjugacy class of 
homomorphisms F^, ^ F^j,, and we thereby also obtain a homomorphism F^^ ^ F^j, (whose 
Fp j;-conjugacy class depends on the choice of v|v). 

Let p: Fx ^ ^G{k) be an ‘L-homomorphism,’ i.e. a continuous homomorphism such that the 
diagram 

Fx---!■ ^G{k) 



Gal(F/F) 


commutes. In particular, the restriction of p to Fp^. factors through G'^(k). In parallel to Definition 
I3.1[ we now define the relevant functors of lifts and deformations of p: 

Definition 9.1. • Let Liftp: Sets be the pro-representable functor whose F-points is 

the set of all lifts of p to a continuous homomorphism (automatically an L-homomorphism) 
Fx ^ ^G(R). We denote the representing object by F?. 

• We say two lifts pi and p 2 are strictly equivalent if they are conjugate by an element of 

^(F) = ker(G''(F) ^ G'^(k)). 

• Denote by Defp: ^ Sets the functor of strict equivalence classes in Liftp. 

• A collection of local deformation problems for p is, for each v 6 Z, a representable sub¬ 
functor Lift^^ of Liftp|r_ that is closed under strict equivalence. Note that here plr^ is a 

Fp V 

-valued homomorphism, so the local deformation conditions in question are no different 
from those considered in 

• Writing F = {Fyjves for a collection of local deformation conditions as in the previous 
item, we define the global functor Lift? by taking the sub-functor of Liftp of lifts whose 
restrictions to each Fp, lie in Lift^j; ; the quotient of Lift? by strict equivalence defines 

DefJ’. 

• Recall the subspace F? c Z^(rp,,p(g'^)) associated to Fy, with image F,-, in //^(rp,,p(g'^)). 
For i > 0, define F°’' and the complex C^(Fx,p(g'')) exactly as in ^3.21 (see Equation ([3]) 
and following). 

We impose the usual requirement that £ be very good for G (O); if G has a simple factor of 
type D 4 , also exclude £ = 3. It is now important that £ not divide [F : F], but in fact that follows 
from the other assumptions, since a simple Dynkin diagram has automorphism group with order 
divisible at most by the primes 2 and 3 (with 3 only occurring in type D4). The next proposition 
summarizes the basic facts about Galois deformation theory in this setting; this is essentially the 
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same as UCHTOSi 2.3.3-2.3.5]. Since we did not give the corresponding proofs in ^ we linger 
over them here. 

Proposition 9.2. Let p : Fx ^ ^G{k) be a continuous L-homomorphism. For each v el., fix a local 
deformation condition Fv- Assume that the centralizer ofplr-^ in is trivial. 

(1) There is a canonical isomorphism Def^(fc[6]) = //^(rs,p(g^)). 

(2) Def^ is (pro-)representable. We denote by the representing object. 

(3) The analogue of Wiles’s formula holds: 

(23) h^plY^rpif')) - h]pfiY^,p{f'){l)) 

= h\Y^,p{Q^)) - h\Y^,p{f'){\)) - Yj h\Yp^,p{f^)) + Y - h\Yp^,p{f^))). 

t’loo veL 

(4) Moreover assume the local conditions Lift^^ are liftable. Then Rf is isomorphic to a 

quotient of a power series ring over O in dim^. //^(Fs.pCg'^)) variables by an ideal that can 
be generated by at most dim^- //^x(r 5 ;,p(g^)(l)) elements. 

Remark 9.3. Just as in Equation (fTTI) of ^ in the application our local calculations and assump¬ 
tions on the image of p will imply that the right-hand-side of Equation (l23l) is zero, hence that 
hp(YY.,pi<f^)) = /?^x(ri;,p(g'^)(l)), as needed for Ramakrishna’s method. 

Proof. The description of the tangent space Eiftp(fc[e]) follows from the usual argument, noting 
that when we write p{g) = (po(g),g) 6 G’^ik) x Gal(E/E), po is a cocycle in Z^{YY.,G'^{k)), where 
Ex is regarded as acting on via the outer Gal(E/E)-action. Item (1) follows easily. 

Representability of Defp follows, using Schlessinger’s criteria, from our assumption on the cen¬ 
tralizer of pirpj,- We check this somewhat more generally, when g^ is not necessarily adjoint, but 

the invariants are assumed to equal the center sCg'^). Since is formally smooth, and 

^'(rz,p(g'^)) is finite, the only thing that really requires checking is the injectivity statement in 
Schlessinger’s condition (H4), namely that for all small extensions A ^ 5 in C^, the map 

Defp(A Xfi A) Defp(A) XoefpB) Defp(A) 

is injective. Consider two elements p and r of Eiftp(A XgA), and let g and g' be elements of G^(A) 
attesting to their equivalence in the right-hand-side. Pushing down to B, which we denote by a 
subscript B, the element g~gg'^ of G^{B) commutes with the image of pb 6 Eiftp(fi); in particular, 
it commutes with the image of PbIf^j.- We claim that under our hypotheses on p, the centrali z er 
ZGV(B)(pBlrpj.) equals Zc^iB) for all lifts ps of p. To see this, we argue by induction on the length 
of 5: if 5 ^ 5/7 is a small extension with I a 1-dimensional k-vector space, then the induction 
hypothesis (for B/I) and smoothness of Zg^ imply that any element z of ZG''{B)iPB\rj;f) has the form 
Zb • exp(X) for some zb 6 Zg^{B) and 

X 6 (g^ % = 3(g^) % /. 

Thus z 6 Zg''{B). Eifting g^^g'g to some z 6 Zgv(A), and replacing g by gzT^ we may assume g and 
g' map to a common element of B, proving that p and r are equivalent as elements of Defp(A x^A). 
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We proceed to part (3). By construction of the complex C^(r 5 ;,p(g^)), we have a long exact 
sequence 

(24) 0 —. //;(rx,p(g")) —^ //Hrz,p(g")) —> 0^^^//Hrp,,p(g"))/L, —. 

-^ //^(rs,p(g'^))-^ 0, 

where the final term is zero because H^{Yy.,p{^)) = = 0 (recall that F is 

totally imaginary; indeed, the same argument, using that i is coprime to [F : F], implies that 
^^(rs,p(g'^)) vanishes for all i > 3). The 9-term Poitou-Tate exact sequence of global duality also 
yields a long exact sequence 

(25) 0-> //;(rz,p(g^))-^ //'(rz,p(g^)) —> ^^^^h\Yp^,,p(q'^))/l, —. 

-^ //;.(rE,p(g")(i))" —^ h\y^,p(q'^)) -. 0,ez^'(rp,.p(g"))-^ 

-^ //°(rx,p(g^)(i))^-> 0. 

To be precise, global duality gives such a sequence with Tp^, in place of Tj; (and all places of 
F above 2 contributing to the local terms); the above sequence is the result of taking Gal(F/F)- 
invariants. Comparing this and the previous 7-term sequence, we conclude that 
• dimkH^(Y^,p(Q^)) = dim;t//°(rs,p(g'^)(l)); and 
. dim,//2(r5:,p(g^)) = dim,//;,(r^,p(g^)(l)). 

Now, the definition of the complex C^(r 5 ;,p(g^)) implies its Euler-characteristic is equal to 

T(rz,p(g")) - _^;r(r^,,p(g")) + (/i°(rp^,p(g")) - dim,L,). 

veE veE 

A minor variant of the global Euler-characteristic formula (demonstrated in UCHTOSl Eemma 
2.3.3]), combined with the local Euler-characteristic formula, yields the formula 

(26) x(Cp(^^,p(Q^))) = J] h\YF^,p(Q'')) - [F : Q] dim, g^ 

v\oo 

+ : Qf] dim, g"' + ^ (^°(rp,,p(g'^)) - dim,L,-,) 

v\(. veE 

= Yj /*°(rF.„p(g'^)) + Y (h\Fp^,p{<i')) - dim,L,). 

V’loo V€Z 

On the other hand, we have just seen that 

(27) ;r(c;(rx,p(g^))) = h\Y^,p{Q^)) - h]p{Y^,p{Q^)) + h]p.{Y^,p{Q^){\)) - h\Y^,p{%^){\)). 
Combining Equations (l26l) and (1271) . we obtain the formula (1231) stated in the proposition. 
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Finally, under the assumption that eaeh Vy is liftable, for any small extension R ^ R/l, and any 
lift p 6 Lift^(i?//), we ean eonstruet an obstruetion elass obSp,R,y> G //^(rs,p(g^)) I, defined as 
in the statement of [ICHT081 Lemma 2.2.1 1]I3 This elass vanishes if and only if p admits a lift to 
Lift?(i?). Then a elassie deformation theory argument (see nMaz89l Proposition 2]) shows that 
is a quotient of a power series ring over O in dim^//^(r 5 ;,p(g'^)) variables by an ideal generated 
by at most dim^t //^(rx,p(g'^)) elements; the last part of the proposition follows from the equality 
(established in the eourse proving (3)) = / 2 ^x(rE,p(g'^)(l)). □ 

Remark 9.4. We note a basie eompatibility in the eonstruction of these Selmer groups. For any 
finite F^-module M, let {Ly}vei: be a colleetion of sub-modules Ly c //^(Fp,,A/). For any w ^ 2 
split in F jF, with a speeified plaee m> of F above w, the inflation map 

■^|Lf|(bz5 fW’) ^ ■^|Z.-|uL^"‘'(rEUwj 

is an isomorphism: for surjeetivity, note that a eocycle (p such that 0|/- = 0 also vanishes on Ip ^ 
for all M>'|w0 so factors through F^. 


10. The case -1 ^ Wq 

A minor variant of the argument of and |7] will treat the case of type Ee and consequently 
complete the proof of Theorem ll.2[ We carry out this variant in the present section, by establishing 
a version of Ramakrishna’s lifting theorem for groups whose Weyl group does not contain -1. As 
in §13 we restrict for simplicity to the case in which is an adjoint group; thus, we are really 
concerned only with the groups PGL„, PS 04 „+ 2 , and the adjoint form of Eg. Note that in these 
cases the automorphism group of the Dynkin diagram is always Z/2Z. 

10.1 . Constructing ^G. We retain the general setup of ^ Thus 'P is a based root datum for which 
we construct a dual group (in the sense of §19.11) . We fix a number field F, which from now 
on will be assumed totally real, and to a connected reductive group G over F with (absolute) root 
datum ¥ we can associate a Z-form of the L-group ^G. Our first aim is to choose this G, in the case 
-\ i Wg, so that ^G admits ‘odd’ homomorphisms from F^-, allowing us to work out a (minor) 
variant of Ramakrishna’s method for ^G. Recall from §14.51 that (now letting p be a half sum of 
positive roots of G, hence a co-character of G^) Ad(p(-1)) is no longer a split Cartan involution 
of g^, so composing an odd two-dimensional representation F// ^ PGL 2 (k) with the principal 
homomorphism PGL 2 ^ G^ will no longer yield a homomorphism F^ ^ G^(k) satisfying item 
dS]) of ^ We now explain how to rectify this. 

Let F IF he a quadratic totally imaginary extension of the totally real field F. The choice of 
F induces a canonical non-trivial element 6pfp of Hom(Ff-,Z/2Z) = Hom(F/7, Aut('P)) (note that 
Z/2Z has no non-trivial automorphism, so we are justified in writing ‘=’). We choose G to be 
any form over F of the root datum ¥ so that the associated homomorphism pc' Aut('P) 

is equal to Sp^p. To be precise, if Go is a pinned split form of 'P over F, giving a base-point in 
//'(F/7, Aut(Go-p)), we can take G to be any form whose cohomology class lifts Sp^p under the 
homomorphism 

//'(Ff,Aut(Goj)) ^ H\YF,OutiG,p)) = //^Tf,Aut('P)). 

their notation, take S - I, and T 

94 _i 

The groups Ip and Ip ^ are conjugate in T^uw, and the cocycle relation implies cpighg ) = 0 whenever (p(h) - 0 
and h acts trivially on M. 


42 









As in §l9.1l we obtain the principal homomorphism 

ip: PGL2 xTf ^ ^G. 

The next lemma, which is essentially IIGro97l Proposition 7.2], establishes the necessary ‘oddness’ 
for the representations Tj; ^ ^G{k) that we will consider in Theorem 1 10. 61 


Lemma 10.1. For any infinite place v|oo ofF, let Cy 6 T^ denote a choice of complex conjugation, 
and let 9 be the element 


6 = ip 




of^G. Then Ad(6) is a split Cartan involution ofgf, i.e. dimj-(g^)^‘*^®^ ^ = dim<-n. 


Proof. For our choice of G, the homomorphism pq factors through 6fip: GaKF/F) ^ Aut('P), 
with any complex conjugation Cy mapping to the non-trivial element of Aut('P) (the opposition 
involution). By IIGro97[ Proposition 7.2], which continues to hold under the assumption i > 2h^ -1 
(see Lemma 173] and the proof of [|Gro97[ Proposition 7.2]), the trace of Ad(6) is -rk(g''). Since 
0 ^ = 1, it follows easily that 




dimi, g^ - rk g'^ 
-= dim,t n. 


□ 


10.2. The lifting theorems. We continue with an F jF and ^G as in ^10.11 Let S be a finite set 
of finite places of F, containing all places above €, such that all members of S split in F jF. For 
each V 6 2, we fix extensions v of v to F and fix embeddings F^, F^^.. Assume we are given a 

continuous L-homomorphism 

p: Y^^^G{k) 

(in particular, p(Fp 5 .) c G'^{k)) such that the centralizer in g^ of plr-^, is trivial, and that moreover 
satisfies the following properties: 

(1) /i«(F^,p(g")) = /iO(Fx,p(g")(l)) = 0. 

(2) For all v 6 2, there is a liftable local deformation condition Fy for pf- satisfying 


, //i°(Fp^,p(g"))ifvK; 

dimLy = < „ ' 

\/z«(Fp^,p(g'^)) + [Fy : Q,] dim(n) if v\F 

(3) For all v|oo, Ad(p(Cy)) is a split Cartan involution of g^, i.e. /z°(Ff^,p(g'^)) = dim(n). 

(4) Let K = F{p{Q^),p(). Note that F^ contains K. Then //^(Gal(F/F),p(g'^)) = 0 and 
//HGal(F/F),p(g'^)(l)) = 0. 

(5) For any pair of non-zero Selmer classes f 6 FI^A^i.,p(q'^)(^)) and f 6 7/^(F5:,p(g'^)), the 
restrictions of f and f to Gal(F 5 :/F) are homomorphisms with fixed fields and K,p that 
are disjoint over K. (From now on we denote Gal(F 5 ;/F) by F/^this notation is consistent 
with the notation Fp^. since KjF is ramified only at places above 2.) 

(6) Consider any f and if as in the hypothesis of item dS]) (we do not require the conclusion to 
hold). Then there is an element cr 6 Fp^. such that p(cr) is a regular semi-simple element 
of G^, the connected component of whose centralizer we denote F^, and such that there 
exists a root 6 0(G^, F'^) satisfying 

(a) F(cr) = a'' op(cr); 
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(b) k[i//{rK,!,)] has an element with non-zero Iq,v eomponentQ and 
(e) has an element with non-zero eomponent. 

Proposition 10.2. Under assumptions (E])-® above, there exists a finite set of primes Q of F, 
disjoint from Z and split in F IF, and a lift 

^G{0) 

X 

P / 

/ 

/ 

^G{k) 

p 

such that p is type at all v el. and of Ramakrishna type at each v e Q, where Q consists of, for 
each V in Q, a specified extension v of v to F. 

Proof With the following modifications, the proof of Proposition 15 . 21 applies verbatim: 

• Replace F^e with Fe (likewise for Z U w). 

• In Lemma I53l require w ^ Z to be split in F/F; note that now we assume the existence of a 
cr 6 Gal(F(p)/F) satisfying the conclusion of item and we find the desired split primes 
of FIF by applying the Cebotarev density theorem to the Galois extension F(p)K^K^IF 
(recall that the primes of F that are split over F have density one in F). 

□ 

There is no difficulty now in deducing an analogue for of Theorem l6.4l 

Theorem 10.3. Let F be a totally real field with \_F{pt) : F] = € - \, and let FIF, 1, and 
be as in ^10. 1\ Suppose p: Tj. ^ ^G(k) is a continuous representation satisfying the following 
conditions: 

(1) There is a subfield k' <z k such that p(Tpf) contains im {(3^’^'^ik') G^(k')). 

(2) k - 1 is greater than the maximum of 8 • #Zqv.sc and 

{ {h - 1 )#Zgv,sc ifi^ZQyfic is even; or 
{2h - 2 )#Zqv.sc if#ZQ'j.sc is odd. 

(3) p is odd, i.e. for all complex conjugations c,,, Ad(p(Cv)) is a split Cartan involution off^. 

(4) For all places v 6 Z not dividing t ■ oo, p|p_ satisfies a liftable local deformation condition 

_ _ 

Pv with tangent space of dimension /z°(F f,.,p{<^)) (sg, the conditions of M.3\ or 

(5) For all places v\i, p|r- is ordinary in the sense of M.h satisfying the conditions (REG) and 
(REG*). 

Then there exists a finite set of primes Q, disjoint from Z and split in F IF, and a lift 

^G(0) 

X 

P / 

/ 

/ 

rEue"^^G(k) 

^^Here recall that we write t'' = Lv © for the decomposition of t'' into the span Lv of the or-coroot vector for G'^ 
and Fv = ker(Q'). 
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such that p is type f’,, at all v el. (taking to be an appropriate ordinary condition at v\£) and of 
Ramakrishna type at allv e Q (again, having fixed an extension v of v in Q to F). In particular p 
admits a characteristic zero lift that is geometric in the sense of Fontaine-Mazur 

Proof Proceed as in the proof of Theorem I6.4[ but now using Proposition 110.21 We leave the 
details to the reader. □ 


Next we deduee an analogue of Theorem 17.41 


Theorem 10.4. Assume now that G is of type Eg, and let i be a rational prime greater than 
Ahd - 1 = 47. Let F be a totally real field for which : E] = ^ - 1, and let f: T// ^ GL 2 (fc) 

be a continuous representation unramified outside a finite set 1 of finite places, which we assume 
to contain all places above i. Assume that f moreover satisfies the following: 

(1) For some subfield k' c k. 


SL 2 (k') c r(rf) c F • GL 2 (/t'); 


(2) r is odd; 

(3) for each v\i, is ordinary, satisfying 






where (yi,v/T 2 ,v) \if„ - for an integer r^ >2 such that € > r^QF - 1) + 1; 

We then choose a quadratic totally imaginary extension F jF with the following properties: 

• All elements ofl split in F jF. 

• F is linearly disjoint from F(r, over F. 

Then using F jF we can define the L-group over Z as in ^10. 1\ and consider the composite 
homomorphism 


-4 PGL 2 (/t) X Gal(E/F) 



’^G{k). 


We additionally assume that for all primes v el not dividing £, we can find liftable local deforma¬ 
tion conditions V^for pf- such that dimLy = h^{Yp^,p{f^)). 

Then there exists a finite set of places Q disjoint from 1 and a lift 


'G{0) 


p / 


SUQ 


^G(k) 


such that pir- is of type Vvfor all v e 1, and (having specified a place w\w of F for all w e Q) 
P\y- is of Ramakrishna type for all w e Q. 

^w 

Remark 10.5. As with Theorem 17.41 the argument will apply to simple types D 2 „+i and A„ onee 
Lemma |7^ is established in those eases. 
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Proof. First, it is clear that we ean find sueh an extension FIF: it suffiees to ehoose a quadratie 
imaginary field Q( V-F>) in whieh all (rational) primes below S are split, and whieh ramifies at 
some prime that is unramified in F{p, existenee of sueh a D follows from the Chinese Remain¬ 
der Theorem. 

We now rapidly verify the six eonditions of the axiomatized lifting theorem, as enumerated at 
the start of §110.21 That the eentralizer in of p|r-^ is trivial follows as in Theorem 17.4[ sinee F is 
linearly disjoint from F(r). Likewise eondition ([Tj) follows as before, it even suffieing to consider 
T^j.-invariants. Condition Q is satisfied by assumption, and by taking an appropriate ordinary 
deformation eondition at v\i. Oddness of r and Lemma [1 0.1 1 to aether imply condition ([3]). 

The argument of Theorem 17.41 also implies the cohomologieal vanishing statements of condition 
dll): to be precise, the argument there directly applies to the eohomology of Ga\(KIF), but sinee 
£ is coprime to [F : F] = 2 the slight strengthening here also holds. Condition ([5]) is also the 
identieal argument (using the element cr to be eonstructed in the verification of condition (jb])). 
For condition db]) we construet an element cr e Gal(F(ad°(f), ^^)/L), where L is as before the 
interseetion F(ad°(r)) n F(^f), exaetly as in Theorem 17.4i we then note that sinee F is linearly 
disjoint from F(ad° r, ^e), we can in fact extend cr to an element of F^.^, and in partieular we may 
regard it as an element of F^j.. Finally, the group theory establishing the triekiest eondition db]) 
was already ehecked for type Ee in the proof of Lemma l7^ for the desired simple root a, we ean 
take any simple root not fixed by the outer automorphism of Ee. □ 

10.3. Deformations with monodromy group Ee. Finally in this seetion we eomplete the proof 
of Theorem I L2l bv treating the case of Eg. 

Theorem 10.6. There is a density one set of rational primes A such that for all £ e A there 
exists a quadratic imaginary field F/Q, an almost simple group G/Q of type Eg, and an £-adic 
representation 

Pe'- Tq —> ^G(Q^) 

whose image is Zariski-dense in x Z/2Z. After restriction to F^, the image of pdrp is 

Zariski-dense in G^. 

Proof. We ehoose a (non-CM) weight 3 euspidal eigenform that is new of some level Fo(p) n Fi (( 2 '), 
exactly as in Theorem 17.4[ and consider the assoeiated residual representations 

£f,A' Tq,! ^ GE2(F^) 

where 2 = {p, q, £] {X\£). For a density one set of £, and a quadratie imaginary field E/Q ehosen as 
in Theorem 1 10.4[ we obtain a homomorphism 

p: Ex ^ ^G(F,) 

satisfying all the hypotheses of Theorem IIP. 4[ where we take (after possibly enlarging F^) Stein¬ 
berg, minimal, and (suffieiently generie) ordinary deformation eonditions at (the speeified split 
plaee of F above) p, q, and £, as in Theorem l74l Eet p denote the resulting lift to ^G(Qf). Again 
by Eemma|7]7]and Eemma fT^Sl now applied to p|r- , we see that the Zariski elosure of the image 
p(Fp5-)isallofG^. □ 

Remark 10.7. Reeall that we had a great deal of flexibility in ehoosing the field F, and we aequire 
more by allowing the modular form / (and, more preeisely, its primes p and q of ramifieation) to 
vary. Some strengthening of Theorem llO.bl is surely possible in whieh one tries to deseribe the 
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fields F for which the conclusion of the theorem can be shown to hold, but we do not pursue this 
here. 

As with Theorem 18.41 note that we can check computationally whether a given prime £ belongs 
to the density one set admitted in the theorem statement. 
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